Vectorizable multigrid algorithms for transonic flow calculations by Melson, N. D.
(USA-Cb-174326) VEZIOBI2ALi.E l O L T I G R I D  UES-16827 BLGOBXTll lS  FOR 'IBAYSC O X  P l C L  C A L C U L A ~ I C I S  
a.S. 4Besas (George Yasaioqtoo u o i r . )  
tlC AOS/UP A01 CSCL 018 Unclas 
100 p 
63/02 13754 
VECTORIZABLE H?)LT'. ;RID ALGORITHMS FOB 
T R A N S C  'TC PL SI CALCULPTIONS 
Norman Duane Melson 
B . S .  i n  Aerospace  an8 Ocean E n g i n e e r i n g  
V i r g i n i a  P o l y t e c h n i c  I n s t i t u t e  and State  U n i v e r s i t y  
1 9 7 9  
A T h e s i s  s u b m i t t e d  to 
t h e  F a c u l t y  of 
The S c h o o l  of E n g i n e e r i n g  and Appl i ed  S c i e n c e  
of t h e  r e q u i r e m e n t s  f o r  t h e  d e g r e e  of Master of S c i e n c e  
January 1985 
of t h e  George Washington U n i v e r s i t y  i n  p a r t i a l  s a t i s f a c t i o n  
https://ntrs.nasa.gov/search.jsp?R=19850008518 2020-03-20T20:26:20+00:00Z
ABSTRACT 
T h e  a n a l y s i s  and  i n c o r p o r a t i o n  i n t o  a m u l t i g r i d  scheme of 
s e v e r a l  v e c t o r i e a b l e  a lgo r i thms  a re  d i s c u s s e d .  von Neumann 
a n a l y s e s  of v e r t i c a l  l i n e ,  h o r i z o n t a l  l i n e ,  and  a l t e r n a t i n g  
d i r e c t i o n  ZEBRA a lgo r i thms  were performea; and  t h e  r e s u l t s  were 
w e d  t o  p r e d i c t  t h e i r  m u l t i g r i d  damping rates.  The a lgor i thms 
were t h e n  s u c c e s s f u l l y  implemented  i n  Q t r a n s o n i c  c o n s e r v a t i v e  
f u l l - p o t e n t i a l  compute r  program. The  c o n v e r g e n c e  a c c e l e r a t i o n  
e f fec t  of m u l t i p l e  g r i d s  i s  shown and  t h e  c o n v e r g e n c e  ra tes  of 
t h e  v e c t o r i z a b l e  a l g o r i t h m s  a r e  compared t o  the c o n v e r g e n c e  ra tes  
of s t a n d a r d  s u c c e s s i v e  l i n e  o v e r r e l a x a t i o n  (SLORI a lgor i thms.  
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I N T R O D U C T I O N  
R e s i .  : - _  ! t h e  c o m p u t a t i o n  of t r a n s o n i c  f l o w s  i n  r e c e n t  
y e a r s  has been  . \ e v o t e d  t o  improv ing  t h e  a c c u r a c y ,  s p e e d ,  and 
g e o m e t r i c  c a p a b i l i t y  of c o m p u t a t i o n a l  t o o l s .  Most three- 
d i m e n s i o n a l  t r a n s o n i c  codes u s e  t h e  p o t e n t i a l  a p p r o x i m a t i o n  t o  
model t h e  f low-f i e l d  p h y s i c s  and  t h e  s u c c e s s i v e  l i n e  o v e r r e l a x a -  
t i o n  a l g o r i t h m  (SLOR) t o  s o l v e  t h e  r e s u l t i n g  s y s t e m  of e q u a t i o n s .  
These t h r e e - d i m e n s i o n a l  t r a n s o n i c  c o d e s ,  however ,  s t i l l  r e q u i r e  
l a r g e  amounts of computer  resources and a r e  t h e r e f o r e  e x p e n s i v e  
t o  u s e  e x t e n s i v e l y .  Thus,  there i s  a need  f o r  i m p r o v i n g  t h e  
c o m p u t a t i o n a l  e f f i c i e n c y  and r e d u c i n g  t h e  c o s t  of these codes. 
Two ways t o  increase t h e  c o m p u t a t i o n a l  e f f i c i e n c y  of a 
program a r e  t o  improve  i t s  c o m p u t a t i o n  r a t e  and t h e  c o n v e r g e n c e  
ra te  of i t 8  a l g o r i t h m .  The c o m p u t a t i o n  r a t e  of a program can  be 
improved t h r o u g h  e f f i c i e n t  program c o d i n g  and t h e  u s e  of f a s t e r  
computers  ( r e f .  1 1. The e f f i c i e n c y  of t h e  c o d i n g  of a program i s  
programmer d e p e n d e n t ;  and i t  is  n o t  t r u l y  an  a r e a  for research as 
muck i .8  a t o p i c  f o r  e d u c a t i o n .  Zmprovements i n  computer  s p e e d  
a r e  a v a i l a b l e  bu 2 u s u a l l y  t h r o u g h  s p e c i a l i z e d  computer  a r c h i t e c -  
t u r e  s u c h  a s  t h e  C o n t r o l  Data  C o r p o r a t i o n  CYBER 233 and 
CYBER 205 computer  r y o t e m s  . V e c t o r  a r c h i t e c t u r e  p l a c e s  c e r t a i n  
r e s t r i c t i o n s  on t h e  a l g o r i t h m  i n  t h e  program;  and  s i g n i f i c a n t  
r e s e a r c h  h a s  been d e v o t e d  t o  t h e  deve lopmen t  of a l g o r i t h m s  which 
can  s a t i s f y  t h e s e  r e s t r i c t i o n s .  A l g o r i t h m s  which can  make use of 
8 
1 
t h e  v e c t o r  n a t u r e  of t h e  machines  a re  r e f e r r e d  t o  a s  v e c t o r i z -  
a b l e .  U n f o r t u n a t e l y ,  t h e  workhorse  a l g o r i t h m  of t r a n s o n i c  
p o t e n t i a l  codes  , SLOR, Is n o t  c o m p l e t e l y  v e c t o r i z a b l e  . Even i f  
SLOR were c o m p l e t e l y  v e c t o r i z a b l e ,  I t  s t i l l  has a v e r y  slow 
c o n v e r g e n c e  r a t e  f o r  t r a n s o n i c  f l o w  problems.  
*he ZEBRA a l g o r i t h m s  of S o u t h ,  Keller, and Hafez ( re f .  2 )  
a r e  a p r o m i s i n g  new c l a s s  of v e c t o r i z a b l e  a l g o r i t h m s .  Al though 
v e c t o r i z a b l e ,  t h e  c o n v e r g e n c e  r a t e  f o r  t h e  ZEBRA a l g o r i t h m s  is 
a p p r o x i m a t e l y  t h e  same a s  t h a t  f o r  SLOR. The number of o p e r a -  
t i o n s  r e q u i r e d  t o  o b t a i n  a s o l u t i o n  is p r o p o r t i o n a l  to t h e  s q u a r e  
of t h e  number of p o i n t s  ( O ( n 2 )  I n  t h e  f l o w  f i e l d ,  where n is 
t h e  number of p o i n t s  i n  t h e  f l o w  f i e l d  f o r  p o t e n t i a l  f l o w  c a l -  
c u l a t i o n s .  Hence ,  f o r  v e r y  f i n e  g r i d s ,  p rograms u s i n g  t h e  SLOR 
and ZEBRA a l g o r ' - .  : a  a r e  t o o  e x p e n s i v e  f o r  e x t e n s i v e  Use. 
The concc of u s i n g  m u l t i p l e  g r i d s  t o  a c c e l e r a t e  t h e  
i t e r a t i v e  s o l u t i o n  of a se t  of f i n i t e  d i f f e r e n c e  e q u a t i o n s  w a s  
f i r s t  p roposed  by  Fede renko  ( r e f s .  3 and 4 )  in 1961. The 
m u l t i p l e  g r i d  c o n c e p t  was f u r t h e r  a n a l y z e d  by Bakhv-Lov ( r e f .  518 
b u t  i t  was n o t  u n t i l  B r a n d t  ( r e f .  6 )  e x t l  nded t h e  t e c h n i q u e  and 
a p p l i e d  it t o  an e l l i p t i c  s e t  of e q u a t i o n s  t h a t  m u l t i g r i d  s t a r t e d  
t o  g a i n  a c c e p t a n c e .  
Fede renko  showed t h a t  t h e  s o l u t i o n  f o r  a s e t  of e q u a t i o n s  
c o u l d  be o b t a i n e d  i n  O ( n )  o p e r a t i o n s .  Convergence  i n  O(n )  
o p e r a t i o n s  u s i n g  m u l t i g r i d  was p roven  f o r  f a i r l y  g e n e r a l  condi-  
t i o n s  by N i c o l a i d e s  ( r e f .  7 )  and Hackbush ( r e f .  8 ) .  SLOR 
a l g o r i t h m s  t a k e  O ( n 2 )  o p e r a t i o n s  t o  o b t a i n  a e o l u t l o n ,  so it 
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is  q u i t e  o b v i o u s  t h a t  m u l t i p l e  g r i d  ( m u l t i g r i d )  t e c h n i q u e s  are 
q u i t e  a t t r a c t i v e .  
I n  r e c e n t  y e a r s ,  m u l t i g r i d  ha8 g a i n e d  wide  a c c e p t a n c e  as a n  
a c c e l e r a t i o n  t e c h n i q u e .  I t  was f i r s t  a p p l i e d  t o  two-d imens iona l  
n o n l i f t i n g  t r a n s o n i c  p o t e n t i a l  f l o w  c a l c u l a t i o n 8  i n  1977 by South  
and  B r a n d t  ( re f .  9)  t o  accelerate an  SLOR a l g o r i t h m .  T h i s  work 
w a s  e h t e n d e d  by Jameson (ref. 1 0 )  i n  1979 t o  l i f t i n g  a i r f o i l s  b u t  
w i t h  a n  a l t e r n a t i n g  d i r e c t i o n  i m p l i c i t  ( A D 1 1  t y p e  a l g o r i t h m .  
M u l t i g r i d  w a s  a p p l i e d  t o  t h r e e - d i m e n s i o n a l  t r a n s o n i c  p o t e n t i a l  
f l o w  c a l c u l a t i o n s  by Caughey (ref.  1 1 )  i n  1983 u s i n g  a p e n t a -  
d i a g o n a l  form of a n  SLOR-type a l g o r i t h m .  Al though  t r emendous  
improvements  i n  c o n v e r g e n c e  ra tes  w e r e  observed i n  each of t h e s e  
s t u d i e s ,  t h e  a lgo r i thms  u s e d  w i t h  t h e  m u l t i g r i d  l i m i t  t h e  
v e c t o r i z a b i l i  t y  of t h e  programs . 
I n  a n  a t t e m p t  t o  t ake  a d v a n t a g e  of t h e  f a s t  c o n v e r g e n c e  
r a t e  o b t a i n a b l e  w i t h  m u l t i g r i d  and  y e t  r e t a i n  a h i g h  d e g r e e  
of v e c t o r i e a b i l i t y ,  m u l t i g r i d  is used  t o  accelerate  t h e  
v e c t o r i e a b l e  ZEBRA a l g o r i t h m s  i n  t h e  p r e s e n t  s t u d y .  D e t a i l s  of 
m u l t i g r i d ,  t he  ZEBRA a l g o r i t h m s  and  t h e i r  s m o o t h i n g  rates as  
compared t o  SLOR,  and  t h e  r e e u l t s  of t h e  i n c o r p o r a t i o n  of ZEBRA 
a l g o r i t h m s  i n  m u l t i g r i d  are g i v e n  below. To r e d u c e  r u n  costs, 
a two-d imens iona l  problem is c o n s i d e r e d  r a t h e r  t h a n  a t h r e e -  
d i m e n s i o n a l  problem . 
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THE POTENTIAL MODEL FOR TRANSONIC FLOW 
Continuum F o r m u l a t i o n  
C o n s i d e r  t h e  f l o w  of a perfect gas par t  a n  a i r f o i l  w i t h  a 
shape d e f i n e d  by t h e  f u n c t i o n  Y ( r ) .  If i r r o t a t i o n a l  f l o w  i s  
assumed,  t h e n  t h e  d i m e n s i o n a l  v a l o c i t y 8  $ 8  s a t i s f i e s  
T h i s  c o n d i t i o n  is  s a t i s f i e d  by t h e  i n t r o d u c t i o n  of a r e d u c e d  (or 
d i s t u r b a n c e )  p o t e n t i a l  f u n c t i o n ,  9, s u c h  t h a t  
In c o n s e r v a t i o n  form, t h e  two-d imens iona l  p o t e n t i a l  e q u a t i o n  i s  : 
( P u I x  + ( P V )  = 0 ( 1  1 Y 
where o is t h e  i s e n t r o p i c  d e n s i t y :  
a n d  
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where 0 a n d  a h a v e  been  n o r m a l i z e d  by t h e i r  f r e e - s t r e a m  v a l u e s  
a n d  u a n d  v h e v e  been  n o r m a l i z e d  by V,. E q u a t i o n  ( 1 )  is  
n o n l i n e a r  a n d  is s t r o n g l y  a f f e c t e d  by t h e  Mach number. T h i s  
e f f e c t  is more c l e a r l y  s e e n  if e q u a t i o n  ( 1 )  is r e w r i t t e n  i n  
n o n c o n s e r v a t i o n  form: 
@ XX Note t h a t  as u + a ( o r  I -* 1 1 ,  t h e  c o r f  f i c i e n t  of 
a p p r o a c h e s  0 .  I f  u > a (M > 1 1 ,  t h e  e q u a t i o n  c h a n g e s  t y p e  a n d  
becomes h y p e r b o l i c  i n s t e a d  of e l l i p t i c .  
In t h e  p r e s e n t  s t u d y ,  s u b c r i t i c a l  a n d  s u p e r c r i t i c a l  f l o w s  
o v e r  a s y m m e t r i c ,  n o n l i f t i n g  1 2 - p e r c e n t - t h i c k  p a r a b o l i c  a r c  
a i r f o i l  are c o n s i d e r e d .  The a i r f o i l  boundary  c o n d i t i o n  is: 
T h i s  boundary  c o n d i t i o n  was a p p l i e d  a t  t h e  a i r f o i l  c h o r d  l i n e  
( y  = 0 ) .  S i n c e  o n l y  n o n l i f t i n g  cases are  c o n s i d e r e d ,  symmetry 
boundary  c o n d i t i o n s  ( @ y  = 0 )  are used  fore  and  a f t  of t h e  a i r f o i l  
s e c t i o n .  Z e r o - d i s t u r b a n c e  boundary  c o n d i t i o n s  (0 = 0 )  are  u s e d  
a t  t h e  u p s t r e a m  and  downstream e x t e n t s  of the  g r i d  as w e l l  a s  t h e  
top boundary  of t h e  g r i d .  (See fig. 1 . )  
Discrete Formula ti on  
E q u a t i o n  ( 1 )  may be so lved  a t  d iscrete  p o i n t s  by r e w r i t i n g  
i t  i n  a f i n i t e - d i f f e r e n c e  f o r m u l a t i o n .  The a r t i f i c i a l  d e n s i t y  
method is  used  i n  t h e  p r e s e n t  work t o  i n t r o d u c e  d i s s i p a t i o n .  The 
d i s c r e t e  form of e q u a t i o n  ( 1 )  w i t h  a r t i f i c i a l  d e n s i t y  is: 
where 
P is t h e  i s e n t r o p i c  d e n s i t y ,  and  
is t h e  s w i t c h i n g  fac tor .  
I n  t h e  p r e s e n t  work, A m o d i f i c a t i o n  t o  t h e  s w i t c h i n g  f ac to r ,  
T ,  w a s  u sed  of t h e  form: 
where Ms is a n  i n p u t  s w i t c h  Mach number. By s e t t i n g  M, < 1, 
t h e  a d d i t i o n a l  damping of t h e  a r t i f i c i a l  d e n s i t y  method c a n  be 
i n t r o d u c e d  a t  8UbsOnfc p o i - n t s  n e a r  t h e  s o n i c  r e g i o n .  T h i s  ha8  
been  found  t o  a i d  c o n v e r g e n c e  ( re f .  10) .  
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Boundary c o n d i t i o n s  as  n o t e d  i n  f i g u r e  1 w e r e  u sed .  Ghos t  
p o i n t s  were u s e d  t o  a l l o w  c e n t r a l  d i f f e r e n c e s  f o r  t h e  Neumiann 
boundary  c o n d i t i o n s  a t  t h e  a i r f o i l  section and  t h e  symmetry l i n e .  
A C a r t e s i a n  g r i d  w i t h  " i n t e r e s t  f o r r r u l a "  g r i d  s t r e t c h i n g  is 
u s e d  i n  t h e  p r e s e n t  s t u d y .  I n  the y - d i r e c t i o n  (see f i g .  1 1 ,  g r i d  
s t r e t c h i n g  b e g i n s  a t  t h e  a i r f o i l  where t  
The  parameter , Fy is a n  i n p u t  t o  t h e  program a n d  v a r i e s  from 
1.0 fo r  no g r i d  s t r e t c h i n g  ( u n i f o r m  q r i d l  t o  h i g h e r  numbers ouch 
a s  1.1 f o r  1 0 - p e r c e n t  g r i d  s t r e t c h i n q .  I n  t h e  x - d i r e c t i o n  (see 
f i g .  1 1 ,  a u n i f o r m  g r i d  is used  abooc +he a i r f o i l .  Forward o f  
t h e  l e a d i n g  e d g e ,  
A f t  of t h e  t r a i l i n g  edge, 
A X i + i  = F, * A X i  
The parameter, Px i s  an  i n p u t  t o  t h e  program crnd is  s imi la r  to 
Fy e x c e p t  it i s  used  f o r  t h e  x - d i r e c t i o n  . t r e t c h i n g .  The local  
g r i d  aspect r a t i o  is d e f i n e d  a s  
X - Ax/Ay 
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( 9 )  
where  Ax and  by a r e  t h e  g r i d  s p a c i n g  i n  t h e  x- and  y -  
d i r e c t i o n s ,  r e s p e c t i v e l y ,  as shown i n  f i s u r e  1 o 
For t h e  s u b c r i t i c a l  t e s t  cases r u n  i n  t h e  p r e s e n t  s t u d y  
(& = 0.11, a n o n s t r e t c h e d  u n i f o r m  g r i d  w i t h  = 1.0 w a s  used .  
I n  t he  s u p e r c r i t i c a l  cases (M, - 0.81, g r i d  s t r e t c h i n g  w a s  n e c e s -  
s a r y  t o  k e e p  t h e  o u t e r  b o u n d a r i e s  far enough from t h e  a i r f o i l  t o  
e l i m i n a t e  t h e i r  e f f e c t  on t h e  r e s u l t s .  Therefore, 8 p e r c e n t  
s t r e t c h i n g  was u s e d  i n  t h e  x - d i r e c t i o n  (Px = 1.08)  and  12 p e r c e n t  
s t r e t c h i n g  w a s  u s e d  i n  t h e  y - d i r e c t i o n  (Py = 1.12) .  T h i s  gave  a 
r a n g e  of aspect r a t i o s  on t h e  f i n e  ' g r i d  of 0.298 < X C 3.426. 
T h i s  same s t re tched g r i d  was a l so  u s e d  i n  t h e  compressible sub-  
c r i t i c a l  cases (M, = 0 . 5 ) .  A l l  cases w e r e  r u n  u s i n g  a 
f i n e  g r i d  w i t h  6 5  p o i n t s  i n  t h e  x - d i r e c t i o n  and  33 p o i n t s  i n  t h e  
y - d i r e c t i o n  u n l e s s  o t h e r w i s e  n o t e d .  
THE M U L T I G R I D  METROD 
The basis for  m u l t i g r i d  is  t h e  u s e  of s u c c e s s i v e l y  coarser 
g r i d s  t o  c a L c u l a t e  c o r r e c t i o n s  t o  a f i n e  g r i d  s o l u t i o n .  
E x c e l l e n t  d e v e l o p m e n t s  of t h e  m u l t i g r i d  t e c h n i q u e  are  g i v e n  in 
r e f e r e n c e s  4, 12,  and 13.  For c o m p l e t e n e s s ,  brief d e v e l o p m e n t s  
of m u l t i g r i d  a r e  g i v e n  below for both l i n e a r  and  n o n l i n e a r  
o p e r a t o r s .  
a 
L i n e a r  E q u a t i o n s  
C o n s i d e r  t h e  problem 
LhUh f h  ( 1 0 )  
where ~h is a l i n e a r ,  f i n i t e - d i f f e r e n c e  operator on a gr id8  ~ h ,  
w i t h  s p a c i n g  h. The f o r c i n g  f u n c t i o n ,  f ,  is known and  Uh is 
t he  s o l u t i o n  t o  the  problem on t h e  g r i d  w i t h  s p a c i n q  h. I f  w e  
take uh as an a p p r o x i m a t i o n  t o  Uh w i t h  a n  error of 
e q u a t i o n  (10 )  can  be w r i t t e n  as 
S i n c e  L is a l i n e a r  opera tor ,  t h i s  c a n  be w r i t t e n  as 
I f  Vh is a smooth f u n c t i o n ,  it c a n  be r e p r e s e n t e d  on a coarser 
g r i d ,  G 2 h 8  w i t h  s p a c i n g  2h, twice t h e  s p a c i n g  be tween t h e  p o i n t s  
as t h e  g r i d  w i t h  s p a c i n g  h. The g r i d  GZh is formed by 
d e l e t i n g  e v e r y  other p o i n t  i n  G ~ .  T h e r e f o r e ,  6 Z h €  gh. P o i n t s  
a r e  e l i m i n a t e d  from G2h t o  form Gdh and  so f o r t h  t o  form 
68h8 G16h8 etc.  Each s u b s e q u e n t  g r i d  is a s u b s e t  of t h e  p r e v i o u s  
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g r i d .  I n  t h i s  c o n t e x t ,  a f u n c t i o n  is c o n s i d e r e d  smooth if it 
c o n t a i n s  no h igh - f  r e q u e n c y  components  which w i l l  cause a l i a s i n g  
of t h e  f u n c t i o n  when it is t r a n s f e r r e d  t o  a c o a r s e r  g r i d .  
I t  is poss ib l e  t o  so lve  f o r  a n  a p p r o x i m a t i o n  t o  Vh on t h e  
coarser g r i d ,  G 2 h ,  u s i n g  e q u a t i o n  ( 1 2 )  w r i t t e n  f o r  t h e  coarser 
g r i d  
h h  ( 1 3 )  
I{h is known as t h e  r e s t r i c t i o n  o p e r a t o r 8  and it s i m p l y  t r a n s f e r s  
t h e  v a l u e r  of  a f u n c t i o n  from t h e  f i n e  g r i d  t o  t h e  coarse gr id .  
D e t a i l s  of r e s t r i c t i o n  opera tors  are g i v e n  l a te r .  F o r  s impl i c -  
i t y ,  d e f i n e  as a f o r c i n g  f u n c t i o n  on t h e  
coarse gr id .  T a k i n g  v~~ = v 8 e q u a t i o n  ( 1 3 )  becomes 
h h  f 2 h  = I ih(fh - L u 1 
2h h 
L2hV2h = f 2 h  ( 1 4 )  
S i n c e  e q u a t i o n  ( 1 4 )  is f o r  a coarser g r i d  t h a n  e q u a t i o n  (121 ,  t h e  
n u m e r i c a l  s o l u t i o n  f o r  V2h is much c h e a p e r  t o  o b t a i n  b e c a u s e  
fewer p o i n t s  a t e  i n v o l v e d .  Orl-s Vah i s  o b t a i n e d ,  it is u s e d  to 
correct t h e  f i n e  g r i d  i t e r a t i v e  s o l u t i o n ,  uh u s i n g  
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h T h e  coarse g r i d  t o  f i n e  g r i d  t r a n s f e r  opera tor ,  I a h 8  i n  equa-  
t i o n  ( 1 5 )  i s  ca l l ed  t h e  p r o l o n g a t i o n  operator .  T h i s  operator is 
d i s c u s s e d  l a t e r  . 
S i n c e  t h e  form of e q u a t i o n  ( 1 4 )  is  i d e n t i c a l  t o  t h e  form of 
e q u a t i o n  (101,  it  is  o b v i o u s  t h a t  a g r i d  w i t h  s p a c i n g  4h can  be 
u s e d  t o  f i n d  c o r r e c t i o n s  t o  t h e  ' s o l u t i o n '  of t h e  problem on t h e  
g r i d  w i t h  s p a c i n g  2h. S u c c e s s i v e l y  coarser g r i d s  may be u s e d  
u n t i l  a g r i d  is  reached w h i c h  is so coarse t h a t  t h e  * s o l u t i o n *  is 
o b t a i n e d  ve ry .  v e r y  q u i c k l y  a n d  cheaply.  (The l i m i t  is a q r i d  so 
c o a r s e  t h a t  o n l y  a s l n g l e  unknown r e m a i n s  and  is o b t a i n a b l e  by 
d i rec t  s o l u t i o n . )  The c o r r e c t i o n  from t h e  coarsest g r i d  is t h e n  
u s e d  t o  correct t h e  c o r r e c t i o n  on t h e  n e x t  f i n e r  g r i d ;  and  t h i s  
i s  c o n t i n u e d  t h r o u g h  s u c c e s s i v e l y  f i n e r  l e v e l s  u n t i l  t h e  f i n e s t  
g r i d  is  reached and t h e  a p p r o x i m a t e  s o l u t i o n  is u p d a t e d .  
The u s e f u l n e s s  of c o r r e c t i o n s  o b t a i n e d  on a coarser q r i d  is 
d e p e n d e n t  on t h e  smoo thness  of t h e  f i n e  g r i d  error p a s s e d  t o  t h e  
coarse g r i d .  Hence, i t  is  a b s o l u t e l y  n e c e s s a r y  t h a t  t h e  h i g h -  
f r e q u e n c y  components  of t h e  e r r o r  on t h e  f i n e  g r i d  are  r e d u c e d ,  
i f  n o t  c o m p l e t e l y  e l i m i n a t e d .  I t  i s  t h e  r e s p o n s i b i l i t y  of t h e  
s m o o t h r r  ( u s u a l l y  a r e l a x a t i o n  a l g o r i t h m )  t o  damp t h e  h i g h -  
f r e q u e n c y  components  of t h e  error.  The low- f requency  components  
of t h e  error are u n i m p o r t a n t  f o r  a l l  b u t  t h e  coarsest g r i d  s i n c e  
t h e  g r i d s  which  are  coarser  t h a n  t h e  c u r r e n t  g r i d  w i l l  see these 
low- f requency  components  as  h i g h  f r e q u e n c i e s  and  t h e y  w i l l  he 
damped t h e r e .  I f  t h e  h i g h - f r e q u e n c y  components  a r e  n o t  damped, 
t h e n  t h e  r e s t r i c t i o n  opera tor  w i l l  p a s s  a l i a s e d  i n f o r m a t i o n  t o  
1 1  
t h e  coarser g r i d  and  t h e  e n t i r e  m u l t i g r i d  scheme w i l l  cease t o  
conve rge .  (An example  of t h i s  is g i v e n  i n  t h e  R e s u l t s  
s e c t i o n . )  The choice of a s m o o t h e r  i s  c r i t i c a l  t o  t h e  u s e  of 
m u l t i g r i d ,  A s u b s e q u e n t  s e c t i o n  i s  d e v o t e d  t o  a d i s c u s s i o n  of 
8moother8 .  
The c y c l e  of work  p e r f o r m e d  s t a r t i n g  on t h e  f i n e s t  g r i d ,  
t h e n  v i s i t i n g  t h e  coarser g r i d s ,  and  t h e n  r e t u r n i n g  t o  t h e  f i n e s t  
g r i d  i s  ca l l ed  o n e  m u l t i g r i d  c y c l e .  The c y c l e s  are repeated 
u n t i l  s u f f i c i e n t  c o n v e r g e n c e  i P  o b t a i n e d  on  t h e  f i n e s t  g r i d .  
I n  t h e  p r e s e n t  s t u d y ,  a f i x e d  c y c l e  known as  t h e  V-cycle  w a s  
used.  I n  t h e  V-cycle ,  a p r e s c r i b e d  number of i t e r a t i o n s  a re  
p e r f o r m e d  on i n c r e a s i n g l y  coarser g r i d s ,  s t a r t i n g  on t h e  f i n e  
g r i d  and  p r o c e e d i n g  t o  t h e  coarsest g r i d ,  and  t h e n  p r o c e e d i n g  on 
i n c r e a s i n g l y  f i n e r  g r i d s  back t o  t h e  f i n e s t  g r i d ,  
N o n l i n e a r  E q u a t i o n s  
The p r e v i o u s  d e v e l o p m e n t  of t h e  m u l t i g r i d  scheme was for 
l i n e a r  o p e r a t o r s .  S i n c e  t h e  p o t e n t i a l  e q u a t i o n  u s e d  t o  model 
t r a n s o n i c  f low is n o n l i n e a r ,  i t  is  n e c e s s a r y  t o  u s e  t h e  F u l l  
Approx ima t ion  S torage  ( P A S )  m u l t i g r i d  scheme ( re f .  9 )  which  i s  
a p p l i c a b l e  t o  bo th  l i n e a r  and  n o n l i n e a r  problems. A deve lopmen t  
of t h e  FAS scheme is g i v e n  below i n  e q u a t i o n s  ( 1 6 ) - ( 2 0 ) .  
I f  t h e  Lh opera tor  is t a k e n  t o  be n o n l i n e a r ,  t h e  s t e p  
t a k e n  be tween e q u a t i o n s  ( 1 1 )  and ( 1 2 )  i n  t h e  p r e v i o u s  d e v e l o p m e n t  
is no l o n g e r  v a l i d .  I n s t e a d ,  L h u h  is s u b t r a c t e d  from b o t h  sitles 
of e q u a t i o n  ( 1 1 )  t o  g i v e r  
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h h  h h  L h ( u h  + v h l  - L ( u  1 = f h  - L ( u  1 
For  t h e  coarse  g r i d ,  t h i s  becomes: 
( 1 7 )  
2h h h h  
If t h e  second  term on t h e  l e f t - h a n d  s i d e  i s  moved t o  t h e  r i g h t -  
hand s i d e ,  e q u a t i o n  ( 1 7 )  c a n  be w r i t t e n  as: 
where 
h h  2h h 
Once v a l u e s  of u 2h a r e  o b t a i n e d ,  t h e  f i n e  g r i d  i t e r a t i v e  
s o l u t i o n  i s  u p d a t e d  u s i n g  t h e  f o l l o w i n g  e q u a t i o n :  
h h + I h [ U Z h  -Ih 2h (u h Io ld ]  
( u  'new ( u  ) o l d  2h ( 2 0 )  
Two p o i n t s  s h o u l d  be n o t e d .  F i r s t ,  t h e  p r o l o n g a t e d  term on t h e  
r i g h t - h a n d  s i d e  is  a cor rec t ion  f o r  t h e  f i n e  g r i d .  Second, t h e  
opera tor  used  on t h e  coarse g r i d  (eq. ( 1 8 ) )  has t h e  same form as 
t h e  f i n e  g r i d  ope ra to r ,  t h e  g r i d  s p a c i n g  ( h  and 2 h )  b e i n g  t h e  
o n l y  d i f f e r e n c e .  
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R e s t r i c t i o n  Operators  
2h As m e n t i o n e d  p r e v i o u s l y ,  t h e  r e s t r i c t i o n  o p e r a t o r ,  I h  
t r a n s f e r s  t h e  v a l u e s  of some discre te  f u n c t i o n  from a f i n e  g r i d  
t o  a coarser  g r i d .  The simplest r e s t r i c t i o n  ope ra to r  i s  
I n j e c t i o n .  Here, t h e  v a l u e  of t h e  f u n c t i o n  a t  each p o i n t  on t he  
coarse  g r i d  is e q u a t e d  t o  t h e  v a l u e  of t h e  f u n c t i o n  a t  t h e  
c o i n c i d e n t  p o i n t  on t h e  u n d e r l y i n g  f i n e  g r i d .  I n  e q u a t i o n  form 
f o r  a g e n e r i c  f u n c t i o n ,  11, i n j e c t i o n  is: 
f o r  a l l  ( x o ,  y o )  c (ch n ~ 2 h ) .  
For some problems, i t  is  n e c e s s a r y  to u s e  more complex  
r e s t r i c t i o n  ope ra to r s  t o  t r a n s f e r  more "g loba l"  i n f o r m a t i o n  from 
t h e  f i n e  g r i d .  Norma l ly ,  t h i s  is t o  e l i m i n a t e  small  o s c i l l a t i o n s  
i n  t he  f u n c t i o n  on t h e  f i n e  g r i d .  I n  t h e  p r e s e n t  work,  a n i n e -  
p o i n t  w e i g h t e d  a v e r a g e  was used .  
+ Qh ( X 0 l  Yo + h )  + 9h ( x o ,  yo - h ) ]  
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Note t h a t  62h  ( x o ,  y o )  
f u n c t i o n  a t  n i n e  p o i n t s  on Gh r a t h e r  t h a n  j u s t  ( x o ,  y o ) .  
i s  now i n f l u e n c e d  by t h e  v a l u e s  of t h e  
P r o l o n g a t i o n  O p e r a t o r s  
The p r o l o n g a t i o n  opera tor ,  I&,, is t h e  c o a r s e -  t o  f i n e - g r i d  
t r a n s f e r  o p e r a t o r .  I n  t h e  p r e s e n t  s t u d y ,  d i r e c t  t r a n s f e r  of t h e  
v a l u e s  of t h e  f u n c t i o n  i s  u s e d  f o r  f i n e  g r i d  p o i n t s  c o i n c i d e n t  
w i t h  coarse g r i d  p o i n t s  (Type A i n  f i g .  2 j .  L i n e a r  i n t e r p o l a t i o n  
of coarse g r i d  v a l u e s  is u s e d  f o r  those f i n e  g r i d  p o i n t s  n o t  co- 
i n c i d e n t  w i t h  coarse  g r i d  p o i n t s  (Types  B, C, and  D i n  f i g .  2 ) .  
I t  is o b v i o u s  t h a t  f o u r  s teps  a r e  n e c e s s a r y  t o  complete t h e  
p r o l o n g a t i o n .  
S MO 0 T H I N G AL G 0 R I T HM S 
A s  ment ioned  i n  t h e  p r e v i o u s  s e c t i o n ,  t h e  smoother i s  u s e d  
i n  a m u l t i g r i d  scheme t o  e l i m i n a t e  t h e  h i g h - f r e q u e n c y  components  
of t h e  e r ro r  i n  t h e  s o l u t i o n .  The  proper choice of a smoother is  
c r i t i c a l  t o  t h e  s u c c e s s  of m u l t i g r i d .  F o r t u n a t e l y ,  it is  u s u a l l y  
p o s s i b l e  t o  p r e d i c t  t h e  p e r f o r m a n c e  of a smoother before  i t  is 
i n c o r p o r a t e d  i n  a m u l t i g r i d  c o n t e x t .  
A l g o r i t h m s  
S i x  a l g o r i t h m s  were c o n s i d e r e d  as  m u l t i g r i d  smoother8 i n  t h e  
p re sen t  work - v e r t i c a l ,  h o r i z o n t a l ,  and  a l t e r n a t i n g - d i r e c t i o n  
S L O R  and ZEBRA I .  The three SLOR a l g o r i t h m s  have been  s t u d i e d  by 
o t h e r  researchers and  were incLuded i n  t h e  p r e s e n t  work f o r  
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compar i son  w i t h  t h e  ZEBRA I a l g o r i t h m s  w h i c h  a r e  t h e  f o c u s  of t h e  
c u r r e n t  s t u d y .  A d e s c r i p t i o n  of e a c h  of t h e  s i x  a lqor i thms i s  
g i v e n  below. 
VLOR - V e r t i c a l  l i n e  o v e r r e l a x a t i o n . -  When u p d a t i n g  t h e  
p o i n t  ( i , j ) #  VLOR u s e s  u p d a t e d  v a l u e s  a t  three a d j a c e n t  p o i n t s ;  
( i - l  # j 1 ,  ti, j + l  1 ,  and ( i r  j - l  1 ,  if t h e  s o l u t i o n  proceeds i n  
tk? i n c r e a s i n g  i d i r e c t i o n .  (See f i g .  3 . )  The v a l u e s  a t  
I .  - 4 )  are  u p d a t e d  when t h e  p r e v i o u s  i = c o n s t a n t  v e r t i c a l  
1; - 8  u p d a t e d .  The v a l u e s  a t  ( i , j + l )  and ( i , j - l )  a r e  up- 
dated  a t  t h e  same time as t h e  ( i , j )  p o i n t .  The i m p l i c i t  s e t  of 
t r i d i a g o n a l  e q u a t i o n s  g e n e r a t e d  by t h i s  scheme is r e a d i l y  s o l v e d  
u s i n g  t h e  Thomas a l g o r i t h m .  S i n c e  t h e  s o l u t i o n  of t h e  i m p l i c i t  
l i n e s  is o r d e r  d e p e n d e n t  and  t h e  Thomas a l g o r i t h m  is r e c u r s i v e ,  
VLOR is n o t  f u l l y  v e c t o r i z a b l e .  
HLOR - H o r i z o n t a l  l i n e  o v e r r e l a x a t i o n . -  The HLOR scheme is  
b a s i c a l l y  t h e  same a s  tF.e  VLOR scheme e x c e p t  t h a t  t h e  i m p l i c i t  
l i n e s  a r e  i n  t h e  h o r i z o n t a l  d i r e c t i o n .  When u p d a t i n g  t h e  
p o i n t  ( i , j ) ,  HLOR uses u p d a t e d  v a l u e s  a t  three a d j a c e n t  p o i n t s ;  
( i , j - l ) ,  ( i + 1 8 j ) ,  and ( i - l , j ) ,  i f  t h e  s o l u t i o n  p r o c e e d s  i n  t h e  
i n c r e a s i n g  j d i r e c t i o n .  (See f i g .  4 . )  The v a l u e s  a t  ( i , j - l )  
were u p d a t e d  when t h e  p r e v i o u s  9 = c o n s t a n t ,  h o r i z o n t a l  l i n e  was 
upda ted .  The v a l u e s  a t  ( i + l , j )  a n d  ( i - l , j )  a re  upda ted  a t  
t h e  same time as t h e  ( i ,  j 1 p o i n t .  The i m p l i c i t  se t  of t r i d i a g -  
o n a l  e q u a t i o n s  g e n e r a t e d  by t5is scheme i s  r e a d i l y  s o l v e d  by 
t h e  Thomas a l g o r i t h m  a n d ,  as w i t h  VLOR, HLOR i s  n o t  f u l l y  
v e c t o r i z a b l e .  
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ADLOR - A l t e r n a t i n g  d i r e c t i o n  l i n e  o v e r r a l a x a t i o a . -  ADLOR is 
j u s t  t h e  a l t e r n a t i n g  a p p l i c a t i o n  of VLOR and  RLOR sweeps. E i t h e r  
VLOR or HLOR is used  t o  u p d a t e  a l l  of t h e  p o i n t s  i n  t h e  f i e l d  and  
t h e n  t h e  o t h e r  is used t o  f u r t h e r  u p d a t e  a l l  of t h e  p o i n t s  i n  t h e  
f i e l d .  The ADLOR algorithm t e n d s  t o  be lass s e n s i t i v e  t o  g r i d  
s t r e t c h i n g .  
VZEB1 - V e r t i c a l  l i n e  ZEBRA I . -  VZEBl  i s  a two-color, 
i m p l i c i t .  v e r t i c a l  l i n e  scheme. For t h e  f i r s t  color. s a y  
i = even  p o i n t s ,  o n l y  t h e  "new" v a l u e s  a t  t h e  p o . i t s  above and  
below ( ( i , j + l )  and  ( i . j - 1 ) )  t h e  p o i n t  t o  be u p d a t e d  ( ( i . j ) I  are 
used .  (See f i g .  5.1 T h i s  g i v e s  a set of t r i d i a g o n a l  e q u a t i o n s  
which  can  be s o l v e d  u s i n g  t h e  Thomas algorithm. Once t h e  p o i n t s  
i n  t h e  f i r s t  color  are u p d a t e d .  t h e i r  new v a l u e s  are u s e d  to 
u p d a t e  t h e  p o i n t s  i n  t h e  s e c o n d  c o l o r ,  odd v a l u e s  of  i i n  t h i s  
example.  Hence. f o r  t h e  s e c o n d  color .  u p d a t e d  v a l u e s  of t h e  
p o i n t s  t i - 1 . j ) .  ( i + l r j I r  ( i . j - 1 ) .  and  ( i . j + l )  are  t s e d  t o  
u p d a t e  t h e  waldes a t  t h e  p o i n t  ( i , j ) .  (See f i g .  5.)  The v a l u e s  
a t  t h e  p o i n t s  above  and below t h e  p o i n t  a t  (i,j) and t h e  v a l u e s  
a t  ( i t  j I are u p d a t e d  s i m u l t a n e o u s l y .  T h i s  r e s u l t s  i n  a n o t h e r  
s e t  of t r i d i a g o n a l  e q u a t i o n s  w h i c h  i s  s o l v e d  u s i n g  t h e  Thomas 
a l g o r i t h m  . S i n c e  t h e  i m p l i c i t  l i n e s  of a q i v e n  c o l o r  are 
d e c o u p l e d  from one  a n o t h e r .  a l l  t h e  l i n e s  of a g i v e n  co lor  may 
be s o l v e d  s i m u l t a n e o u s l y .  Recall  t h a t  t h e  s o l u t i o n s  of t h e  
t r i d i a g o n a l  l i n e s  in VLOR were o r d e r  d e p e n d e n t  so t h a t  t h e  
l i n e r  had t o  be s o l v e d  one  a t  a time. Hence8 t h e y  were n o t  
v e c t o r i e a b l e .  The t r i d i a g o n e l  l i nes  of  a q i v e n  color  i n  VZEB1 
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are  i n a e p e n d e n t  and c a n  be s o l v e d  s i m u l t a n e o u s l y .  T h i s  means 
t h a t  v e c t o r  i n s t r u c t i o n s  c a n  be used .  S p e c i f i c a l l y ,  v e c t o r  i n -  
s t r u c t i o n s  are  used  t o  c a l c u l a t e  the t r i d i a g o n a l  c o e f f i c i e n t s  for 
a l l  t h e  i m p l i c i t  l i n e s  of a g i v e n  color  a t  each v a l u e  of j .  
A f t e r  a l l  t h e  c o e f f i c i e n t s  are c a l c u l a t e d ,  t h e  b a c k - s u b s t i t u t i o n s  
a re  p e r f o r m e d  f o r  a l l  t h e  i m p l i c i t  l i n e s ,  o n e  v a l u e  of j a t  a 
t i m e .  F u r t h e r  i n f o r m a t i o n  a b o u t  t h e  v e c t o r i s a t i o n  0'. t h e  ZEBRA 
a l g o r i t h m s  is c o n t a i n e d  i n  r e f e r e n c e s  1 and  2. 
HZEBl - H o r i z o n t a l  l i n e  ZEBRA 1.- BZEB1 i s  i d e n t i c a l  t o  
VZEBl e x c e p t  t h a t  t h e  i m p l i c i t  l i n e s  are i n  t h e  h o r i z o n t a l  
d i r e c t i o n .  
ADZEBl  - A l t e r n a t i n g  d i r e c t i o n  l i n e  ZEBRA 1.- ADZEB1 i s  j u s t  
t h e  a l t e r n a t e  a p p l i c a t i o n  of W E B 1  and  HZEBl sweeps. One of t h e  
t w o  i s  used  to u p d a t e  a l l  of t h e  p o i n t s  i n  t h e  f i e l d  and  t h e n  the 
o t h e r  i s  u s e d  t o  f u r t h e r  u p d a t e  t h e  p o i n t s  i n  t h e  f i e l d .  
Smoothing Ana 1 y s  is 
The von Neumann s t a b i l i t y  a n a l y s i s  w a s  developed by John 
von Neumann a t  Lo8 Alamos a r o u n d  1944. The  method w a s  c i r c u l a t e d  
p r i v a t e l y  f o r  s e v e r a l  y e a r s  (ref.  1 4 ) .  A s h o r t  d e s c r i p t i o n  of 
t h e  a p p r o a c h  was f i r s t  p u b l i s h e d  i n  1947 by Crank and  N i c o l s o n  
( r e f .  1 5 )  and  t h e  f i r s t  t h o r o u g h  e x p l a n a t i o n  was g i v e n  by 
O ' B r i e n ,  Hyman, and Kaplan ( r e f .  161. An e x c e l l e n t  t e x t b o o k  
e x p l a n a t i o n  af t h e  method was p r e s e n t e d  by Roache ( r e f .  1 7 )  in 
1 9 7 2 .  
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I n  t h e  von Neumann a n a l y s i s ,  t h e  a p p r o x i m a t e  s o l u t i o n  t o  a 
model e q u a t i o n  g e n e r a t e d  by t h e  a lgor i thm of i n t e r e s t  is  expanded  
u s i n g  a f i n i t e  F o u r i e r  series. The e x a c t  s o l u t i o n  is t h e n  
s u b t r a c t e d  - l e a v i n g  t h e  error.  The d e c a y  or a m p l i f i c a t i o n  of 
each f r e q u e n c y  of t h e  error is c o n s i d e r e d  t o  d e t e r m i n e  s t a b i l i t y  
or i n s t a b i l i t y  ( re f ,  1 5 1 .  The d e c a y  of t h e  error is expressed by 
t h e  von Neumann damping or a m p l i f i c a t i o n  f ac to r ,  g I  as a f u n c t i o n  
of f r e q u e n c y .  The maximum v a l u e  of g over t h e  h i g h - f r e u u e n c p  
r a n g e  of t h e  error f r e q u e n c i e s  is d e f i n e d  as t h e  s m o o t h i n g  fac tor  
( ref .  91, U. 
where  8, and  e Y  are  t h e  phase a n g l e s  associated w i t h  t h e  x -  
and  y - c o o r d i n a t e  d i r e c t i o n s ,  r e s p e c t i v e l y .  The f u l l  r a n g e  of 
each 8 i n  a g e n e r a l  s o l u t i o n  i s  - t C 0 C *. The r a n g e  from 
-n t o  t may be d i v i d e d  i n t o  t w o  g r o u p s I  t h e  h igh  f r e q u e n c i e s  
from -r t o  -r/2 and n / 2  t o  t and  the  low f r e q u e n c i e s  
from -r/2 to n/2. T h e  h i g h - f r e q u e n c y  components  of t h e  errors 
must  be e l i m i n a t e d  on t h e  f i n e  g r i d  b e c a u s e  t h e y  c a n n o t  be 
r e s o l v e d  on a coarser g r id .  The low- f requency  components  of t h e  
e r r o r  are r e d u c e d  on a coarser g r i d  where o n e - h a l f  of them become 
" h i g h " - f r e q u e n c y  errors  due to t h e  c h a n g e  i n  g r i d  s p a c i n g .  
Coarser and  coarser g r i d s  a re  v i s i t e d  t o  e l i m i n a t e  lower 
f r e q u e n c y  components  of t h e  .rror as one-ha l f  of t h e  low- 
f r e q u e n c y  r a n g e  of a g i v e n  g r i d  becomes t h e  h i g h - f r e q u e n c y  r a n g e  
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on t h e  n e x t  coarser g r i d .  Therefore, t h e  smoother o n l y  n e e d s  t o  
e l i m i n a t e  t h e  error f r e q u e n c i e s  from 8 / 2  C 181 C and  t h i s  is 
t h e  r a n g e  examined  f o r  t h e  s m o o t h i n g  factor.  (One a a a i t i o n a l  
r e s t r i c t i o n  is t h a t  the error n o t  grow i n  t h e  low- f requency  
r a n g e ,  o r  g < 1 f o r  o c l e (  < a/2.1 
A von Meumann a n a l y s i s  w a s  p e r f o r m e d  f o r  each of t h e  s i x  
d i f f e r e n t  a lgo r i thms  c o n s i d e r e d  i n  t h i s  S t u d y e  I n  these 
a n a l y s e s ,  g e n e r a l i z a t i o n s  for  v a r y i n g  g r i d  aspect ra t io  a n d  Mach 
number w e r e  t a k e n  i n t o  a c c o u n t .  G r i d  s t r e t c h i n g  w a s  n o t  d i r e c t l y  
modeled i n  t h e  von Neumann a n a l y s e s ,  b u t  o n e  of i ts  effects w a s  
modeled by t h e  i n c l u s i o n  of g r i d  aspect r a t i o ,  A .  
Prom t h e  d e S G r i p t i 0 n  of t h e  c o n s e r v a t i v e  t r a n s o n i c  p o t e n t i a l  
f l o w  problem g i v e n  p r e v i o u s l y ,  it is clear  t h a t  Mach number 
e f fec ts  must  be i n c l u d e d  i n  t he  von CQeumann a n a l y s e s  of t he  
smoo the r s .  Recall t h a t  t h e  d e n s i t y  a p p e a r s  as a c o e f f i c i e n t  i n  
t h e  c o n s e r v a t i v e  t r a n s o n i c  p o t e n t i a l  e q u a t i o n .  V a r i a t i o n s  t n  
d e n s i t y  due t o  c o m p r e s s i b i l i t y  e f f e c t s  c a u s e  n o n l i n e a r i t i e s .  The 
t y p e  of t h e  e q u a t i o n  a l s o  c h a n g e s  w i t h  Mach number, e l l i p t i c  
for M < 1 and  h y p e r b o l i c  f o r  M > 1. 
The c o n s e r v a t i v e  f u l l - p o t e n t i a l  e q u a t i o n  w i t h  a r t i f i c i a l  
d e n s i t y  i s  d i f f i c u l t  to a n a l y z e  u s i n g  t h e  von leumann a n a l y s i s .  
C o n s i d e r a b l y  s i m p l e r  is t h e  a n a l y s i s  oE t h e  n o n c o n s e r v a t i v e  
s m a l l - d i s t u r b a n c e  p o t e n t i a l  e q u a t i o n  ( 1  - M 2 )  4xx + 4yy  = Om 
R e s u l t s  of  t h e  von Neumann a n a l y s e s  u s i n g  t h e  s i m p l e r  e q u a t i o n  
a re  e x p e c t e d  t o  be c o n s i s t e n t  w i t h  t h e  f u l l - p o t e n t i a l  e q u a t i o n  
due  t o  t h e  v a l i d i t y  of t h e  s u b s t i t u t i o n  as shown i n  Appendix Am 
Hence, t he  p e r f o r m a n c e  of t h e  smoothers o p e r a t i n g  on  t h e  
t r a n s o n i c  ; m a l l - d i s t u r b a n c e  e q u a t i o n  was a n a l y s e d .  r a t h e r  t h a n  
t h e  c o n s e r v a t i v e  f u l l - p c t e n t i a l  e q u a t i o n .  Two separate a n a l y s e s  
were performe;, f o r  each of t h e  a lgor i thmst  One fo r  M < 1 w i t h  
c e n t r a l  d i f f e r e n c i n g  and  one  for M > 1 w i t h  upwind d i f f e r e n c -  
i n g .  Over- or  u n d e r r e l a x a t i o n  was a c c o u n t e d  f o r  i n  each s u b s o n i c  
a n a l y s i s  w i t h  t h e  i n c l u s i o n  of t h e  r e l a x a t i o n  parameter, (I). 
A d d i t i o n a l  d a n p i n g  i n  t h e  form of 6$,,, where  II is a free 
parameter, was i n c l u d e d  i n  t h e  s u p e r s o n i c  a n a l y s e s  . 
The von Neumann method f o r  VLOR is s t r a i g h t f o r w a r d  and  i s  
i n c l u d e d  here t o  d e m o n s t r a t e  t h e  a n a l y s i s  fo r  a s i m p l e r  case 
before t h e  more complicated d e t a i l s  of VZEB1 are  g i v e n .  The 
a n a l y s e s  f o r  t h e  ZEBRA a lgor i thms are more complex s i n c e  t h e y  are 
two-color schemes .  The deve lopmen t  fo r  HLOR r o u g h l y  follows the 
a n a l y s i s  of VLOR and SO is  n o t  i n c l u d e d .  The a n a l y s i s  of HZEBl 
is g i v e n  i n  Appendix  B. The  s i x  a l g o r i t h m s  a n a l y z e d  and  t h e i r  
a m p l i f i c a t i o n  f a c t o r s  are summarized i n  T a b l e  1 . 
A 
The f o l l o w i n g  
von Neumann A n a l y s i s  of VLOR 
a n a l y s i s  i s  f o r  t h e  n o n c o n s e r v a t i v e  small- 
d i s t u r b a n c e  p o t e n t - a 1  e q u a t i o n  u s i n g  c e n t r a l  d i f f e r e n c i n g  in 
s u b s o n i c  r e g i o n s  and  upwind d i f f e r e n c i n g  i n  s u p e r s o n i c  f l o w  
r e g i o n s .  S i n c e  t h e  f i n i t e  8 i f : e r e n c i n g  operator  is d i f f e r e n t  f o r  
s u b c r i t i c a l  ( c e n t r a l  d i f f e r e n c i n g )  and  s u p e r c r i t i c a l  (upwind 
d i f f e r e n c i n g )  f l o w  regio:?s, it is n e c e s s a r y  to a n a l y z e  t h e  t w o  
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f l o w  c o n d i t i o n s  s e p a r a t e l y .  The s u b c r i t i c a l  case is a n a l y z e d  
f i r s t .  
S u b s o n i c  Flow M < 1 
The  mal^ -dAs tu rbance  e q u a t i o n  i n  operator form i s :  
where 
M i s  t h e  l o c a l  Mach number 
6,, i s  an  u n d i v i d e d ,  c e n t r a l  d i f f - r e n c e  o p e r a  
d i  r ec t i  on 
r i n  h e  x- 
i s  an  u n d i v i d e d ,  c e n t r a l  d i f f e r e n c e  operator in t h e  y-  YY 
d i  r ec t i  on 
X is  t h e  g r i d  a s p e c t  r a t i o ,  Ax/Ay 
and  
is t h e  p o t e n t i a l  a t  t h e  p o i n t  i , j .  
%j 
VLOR can  be w r i t t e n  as 
2 2  
where 
E is &I d i s p l a c e m e n t  o p e r a t o r  i n  t h e  x (Ex) or  y (Ey) 
d i r e c t i o n  i n  t he  p o s i t i v e  (E+) or  n e g a t i v e  (E') d i r e c t i o n .  
T h a t  is, 
a n d  
is a v a l u e  of t h e  p o t e n t i a l  3 t  t h e  nth t i m e  l e v e l  
is an  u p d a t e d  v a l u e  of t h e  -n+l 6u p r e v i o u s  t o  t h e  u p d a t e ,  a n d  
p o t e n t i a l  which s a t i s f i e s  e q u a t i o n  ( 23 1. 
F o u r i e r  c o e f f i c i e n t s  are s u b s t i t u t e d  f o r  t he  error, e, which 
a l s o  s a t i s f i e s  t h e  homogeneous d i f f e r e n c e  e q u a t i o n  g i v e n  by 
e q u a t i o n  ( 2 3 ) .  Therefore ,  
S u b s t i t u t i o n  of t h e  F o u r i e r  components  (eq. ( 2 4 ) )  i n t o  e q u e -  
t i o n  ( 2 3 )  f o r  y i e l d s :  
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W - 1  2 0-1 
( 2  cos e - 211 X me 
- 4 7 -  e 
( - I ) [  ( 1  - M 2 ) ( e  - a - ; ; - j + x   w 
( 2 5 )  0 
2 - 2/W> + x /w ( 2  cos 8 - 2 )  2 
Y 
( 1  - M ) ( e  
where  q is t h e  a m p l i f i c a t i o n  f a c t o r :  O x  and 8 are  t h e  p h a s e  
a n g l e s  a s s o c i a t e d  w i t h  t h e  x -  and  y - c o o r d i n a t e  d i r e c t i o n s ,  
r e s p e c t i v e l y ;  and w is t h e  o v e r r e l a x a t i o n  f a c t o r  s u c h  t h a t  
Y 
S u p e r s o n i c  F l o w  M 3 1 
For a Mach number greater  t h a n  or e q u a l  to 1.0, t h e  sma l l -  
d i s t u r b a n c e  p o t e n t i a l  e q u a t i o n  is: 
where 
M I  6 y y t  and 4 i j  a r e  as  d e f i n e d  below e q u a t i o n  ( 2 2 )  
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8 is an u n d i v i d e d  upwind d i f f e r e n c e  o p e r a t o r  i n  t h e  x-  
d i  r ec t i  on 
xx 
6 is  a free parameter 
a n d  
is an  u n d i v i d e d  s e c o n d  d i f f e r e n c e  opera tor  i n  t h e  x- 
a n d  t i m e - d i r e c t i o n s  w h i c h  is added f o r  s t a b i l i t y .  The 
6 x t  
d i f f e r e n c e  e x p r e s s i o n  is:  
" 1  - @ i - 1 , j  n + l  n+ l  
Us ing  t h e  o p e r a t o r s  d e f i n e d  w i t h  e q u a t i o n  ( 2 3 1 ,  e q u a t i o n  ( 2 6 )  map 
be w r i t t e n  as: 
( 1  - M 2 )  (E:)' - 2E- + I )  O n + '  + A 2  (E- - 2 1  + E:) $ i j  n + l  
X i j  Y 
Subs t l t u t i o n  of t h e  F o u r i e r  c o e f f i c i e n t s  a n d  s i rnpl i f  i c a t i o n  
y i e l d s  t 
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2 g = S[l - (cos e - s i n  O x ) ] / {  (1 - M I [  (cos e x  - = s i n  
X 
- 2 ( c o s  e x  - 
+ s [ t  - (cos e x  - C i s i n  e x ) ] }  
s i n  8 + 1 1  + x 2  ( 2  c o s  8 - 2 )  
X Y 
(28) 
From e q u a t i o n s  (27) and  ( 2 8 )  it is c lear  t h a t  VLOR is a march ing  
scheme i n  p u r e l y  s u p e r s o n i c  f l o w  a n d ,  i f  6 - 0 ,  g = 0 f o r  a l l  
f r e q u e n c i e s  . 
For a g i v e n  method,  Mach number ( M I ,  and  v a l u e s  of B 8  ( 0 8  
a n d  A ;  v a l u e s  of g may be found  as a f u n c t i o n  of 8, a n d  
B y  where 8, a n d  O Y  v a r y  from -180' t o  180°. T t  is u s e f u l  t o  
l o o k  a t  c o n t o u r  p l o t s  of  g fo r  v a r y i n g  O x  a n d  B y  as shown 
i n  f i g u r e  6 .  The f r e q u e n c y  r a n g e  for each of t h e  e m s  c a n  be 
d i v i d e d  i n t o  t w o  s e g m e n t s  - t h e  h i g h - f r e q u e n c y  r a n g e  (-180' t o  
-90° a n d  90' t o  180°) a n d  t h e  low- f requency  r a n g e  (-90' t o  
90°). Note t h a t  t h e  maximum v a l u e s  of g i n  f i g u r e  6 are  i n  t h e  
low- f requency  r a n g e s  of 8, a n d  e,, (gmaX = 0.97). 
With m u l t i g r i d ,  o n l y  t h e  h i g h - f  r e q u e n c y  r e g i o n  is i m p o r t a n t  
and  t h e  low- f requency  r e g i o n  may be i g n o r e d  a s  re f lec ted  i n  
f i g u r e  7. The maximum v a l u e  of  g i n  t h e  h i g h - f r e q u e n c y  r a n g e  
is t h e  smoothi-ng f a c t o r ,  IJ. N o t i c e  t h a t  t h e  e l i m i n a t i o n  of t h e  
low- f requency  r e g i o n  s i g n i f i c a n t l y  lowers t h e  maximum v a l u e  of 
g o b t a i n a b l e  and  so u is s i g n i f i c a n t l y  less t h a n  gmax f o r  
t h i s  case (LI = 0.44  v e r s u s  gmax = 0.97). 
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A von Neumann A n a l y s i s  of W E B 1  
S u b s o n i c  Flow M < 1 
Using t h e  p r e v i o u s l y  d e f i n e d  d i s p l a c e m e n t  o p e r a t o r s ,  t h e  
VZEB1 a l g o r i t h m  a p p l i e d  t o  e q u a t i o n  4 22)  y i e l d s :  
2 -  + -n+1/2 
Y Y ij 
+ A  [ E  - 2 I + E ] O  
where x 
$& : a new v a l u e  of t h e  p o t e n t i a l  a t  t h e  “ o t h e r ”  color  
a t  t h e  nth t i m e  l e v e l .  The t w o  c o l o r s  are  
c o n s i d e r e d  t o  be one-ha l f  time s t e p  a p a r t  i n  t h e  
a n a l y s i s .  
a n  o l d  v a l u e  o:? t h e  p o t e n t i a l  on t h e  c o l o r  b e i n g  
u p d a t e d .  
a n e w  v a l u e  of the p o t e n t i a l  on t h e  c o l o r  b a i n g  
u p d a t e d  ( o v e r r e l a x e d  1 . 
a v a l u e  of t h e  p o t e n t i a l  on t h e  c o l o r  b e i n g  - n + l / 2 *  
+ij . 
u p d a t e d  which makes t h e  r e s i a u a l  a e r o .  
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The three time l e v e l s  i n  e q u a t i o n  ( 2 9 )  a r e  r e l a t e d  by 
n + l / 2  w-1 n-1/2 + -  p + l / 2  ij = l / w  o,, 0 "j ( 3 0 )  
where w is t h e  r e l a x a t i o n  parameter. S u b s t i t u t i o n  of t h e  
F o u r i e r  c o e f f i c i e n t s  f o r  t h e  p o t e n t i a l  and s i m p l i f i c a t i o n  g i v e s  a 
q u a d r a t i c  e q u a t i o n  f o r  
2 
+ a ( 2  cos e 
Y 
2 w - l  2 0 - 1  
+ [ ( I  - M ) ( - 2 )  I-) + ( 2  COS 8 - 2 )  [-)l 0 (31  1 w Y w 
T h i s  may be s o l v e d  u s i n g  t h e  q u a d r a t i c  e q u a t i o n  t o  f i n d  
t h e  two roots.  The r o o t  which represents g i n  t he  p h y s i c a l  
problem c a n n o t  be d e t e r m i n e d .  The p u r p o s e  of t h e  von l eumann 
a n a l y s i s  i s  t o  p r e d i c t  t h e  m u l t i g r i a  s m o o t h i n g  r a t e  u, for 
V Z E B 1 .  S i n c e  t h e  v a l u e  of u is  gove rned  by t h e  maximum v a l u e  
of 4 8  It is p r u d e n t  t o  pick t h e  roo t  of g which h a s  the 
maximum a b s o l u t e  v a l u e .  
S u p e r s o n i c  Flow M > 1 
I n  o p e r a t o r  form, V Z E B l  a p p l i e d  t o  e q u a t i o n  ( 2 6 )  can be 
w r i t t e n  as: 
28 
2 -  + n+l /L  + a  [E + 2 1 + ~ ] g  
Y Y i! 
T h e r e  are  some i n t e r e s t i n g  t h i n g s  t o  n o t e  here.  F i r s t ,  a n  
" o l d "  v a l u e  is used  a t  1 - 2  t o  m a i n t a i n  t h e  i n d e p e n d e n c e  of t h e  
v e r t i c a l  i m p l i c i t  l i n e s .  Second,  n o t e  t h a t  t h e  terms r e p r e s e n t -  
i n g  6x t  a r e  s p l i t  be tween t h e  t w o  t i m e  steps. T h i s  e q u a t i o n  
may be r e w r i t t e n  as a c u b i c  e q u a t i o n  i n  G. 
a G3 + b [GI2 + c Js'+ d = 0 
where 
2 a = ( I  - M + a 2  ( 2  c o s  e - 2 )  - 5 Y 
b = [ ( l  - M2)(-2) + 8 1  ( C O S  5 - s i n  e x )  X 
2 c = ( 1  - M ( cos  e - CT s i n  e x ) *  + 6 
X 
a = - B (cos  e - C T  ein e x )  
X 
( 3 3 )  
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The maximum magni tude  of t h e  three r o o t s  is t a k e n  a s  t h e  
magni tude  of g. 
I n  f i g u r e  8 ( a ) ,  a c o n t o u r  p l o t  of g f o r  V t E B l  a t  t h e  
c o n d i t i o n s  of M- = 0 . 1 ,  B = 0, A = 1 . 0 ,  and w = 1 . 0  is g i v e n .  
These  p a r a m e t e r  v a l u e s  a r e  t h e  same as f i g u r e s  6 and 7 f o r  
VLORe Note t h a t  there  a re  three a r e a s  of g 1.0 i n  t h i s  
c o n t o u r  p l o t .  T h e r e  is one a t  ( ax ,  O y )  e q u a l  t o  ( 0 ° ,  O o )  as w i t h  
VLOR and the re  a re  two a t  (-180°, 0 ' )  and (+180°,  0 ' ) .  The 
l a t t e r  t w o  a r e a s  of g = 1 a r e  n o t  i n  t h e  low- f requency  r e g i o n s  
a n d  so a r r  n o t  d i s c a r d e d  when u is examined ,  f i g u r e  8 ( b ) .  For- 
t u n a t e l y ,  s i n c e  t h e  v a l u e s  of 0 e q u a l  t o  0' and * 1 8 O 0  are n o t  
o b t a i n a b l e  on a d i s c r e t e  g r i d ,  o n l y  a l i m i t e d  e f f e c t  of t h i s  
r e g i o n  s h o u l d  be f e l t  i n  a m u l t i g r i d  a p p l i c a t i o n .  However, 
s i n c e  u f o r  VZEB1 is 0 . 9 7  and u f o r  VLOR is 0.44 f o r  t h e  
g i v e n  c o n d i t i o n s ,  it Is a n t i c i p a t e d  t h a t  t h e  VLOR may g i v e  a 
be t t e r  conve rgence  r a t e  as a m u l t i g r i d  smoo the r .  
I t  is u s e f u l  t o  c o n s i d e r  o n l y  u r a t h e r  t h a n  t h e  f u l l  
range of v a l u e s  of g. I n  f i g u r e  9,  p for  V Z t E 1  is p l o t t e d  
v e r s u s  Mach number f o r  t h r e e  v a l u e s  of a s p e c t  r a t i o .  X = 1 . 0  
is t h e  un i fo rm g r i d  a s p e c t  r a t i o  u s e d  f o r  t h e  e n t i r e  g r i d  f o r  
t h e  incompressibls  t e s t  case men t ioned  below i n  t h e  R e s u l t s  
s e c t l o p .  A = 3.426 and 0.0298 are t h e  uppe r  a n d  lower l i m i t s  of 
a s p e c t  z a t i o  on t h e  f i n e  g r i d  of t h e  s t re tched  g r i d  i n  t h e  
c o m p r e s s i b l e  s u b s o n i c  and  s u p e r s o n i c  t es t  cases a l s o  d i s c u s s e d  
i n  t h e  R e s u l t s  s ec t ion .  I t  is c lea r  from f i g u r e  9 t h a t  t h e  
pe r fo rmance  of V Z E E l  is s t r o n g l y  a f f e c t e d  by a s p e c t  r a t i o  o v e r  
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t h e  e n t i r e  Mach number r a n g e  p r e s e n t e d .  T h e  p r e d i c t e d  perform- 
a n c e  is  poor  f o r  X < 1 b u t  better for X > le a s  e x p e c t e d  f o r  
V Z E B l  . 
A von Neumann a n a l y s i s  f o r  H Z E B l  is  g i v e n  i n  t h e  Appendix B. 
Contour  p l o t s  of g for  BZEBl a r e  q u i t e  s i m i l a r  t o  those of 
V Z E B l  e x c e p t  that t h e y  are rotated 90°. T h i s  is  ref lected i n  
f i g u r e  10 where u v e r s u s  M i s  p l o t t e d  for v a r i o u s  v a l u e s  of 
a s p e c t  r a t i o .  N o t e  t h a t  HZEBl  has  good p e r f o r m a n c e  f o r  small  
a s p e c t  r a t i o  and p o o r  p e r f o r m a n c e  e t  h i g h  aspect r a t i o ,  t h e  
o p p o s i  +e of VZEB 1 . 
The von Neumann a n a l y s i s  of A D Z E B l  is  j u s t  s c o m b i n a t i o n  
of t h e  a n a l y s e s  of VZEBl  end HZEB1. A t  each f r e q u e n c y ,  t h e  
damping rate for A D t E B l  is  t h e  square roo': of ~ h u  p r o d u c t  of t h e  
i n d i v i d a a l  damping r a t e s  of V2EB1 and BZEB1. T h i s  r e d u c e s  t h e  
s e n s i t i v i t y  of A D 2 E B 1  t o  aspec t  r a t i o  e f f e c t s  s! n c e  f r e q u e n c i e s  
t h a t  e i ther  VZEB1 or HZEB1 has problems w i t h  are compensa ted  f o r  
by good pe r fo rmance  by t h e  o p p c s i t e  smoo the r  ( H Z E B 1  ar VZEB1, 
r e s p e c t i v e l y ;  i.e.# f o r  s m a l l - a s p e c t - r a t i o  q r i d  ce l l  , RZEBl does 
w e l l  and f o r  l a r g e - a s p e c t - r a t i o  g r i d  ce l l s I  VZEBl does w e l l .  The 
improved p e r f o r m a n c e  of ADZEB1 f o r  v a r y i n g  aspect r a t i o  is 
r e f l e c t e d  i n  f i g u r e  1 '  . 
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RESULTS 
A computer  code  w a s  w r i t t e n  t o  test  t h e  p e r f o r m a n c e  of t h e  
ZEBRA a l g o r i t h m s  as m u l t i g r i d  smoothers. The t r a n s o n i c  f u l l -  
p o t e n t i a l  e q u a t i o n  w a s  modeled u s i n s  c e n t r a l  d i f f e r e n c i n g  w i t h  
t h e  a r t i f '  1 d e n s i t y  method u s e d  t o  p r o v i d e  upwind bias in 
s u p e r s o n i c  e g i o n s .  S m a l l - d i s t u r b a n c e  boundary  c o n d i t i o n s  were 
u s e d  t o  model t h e  p r e s e n c e  of a n  a i r f o i l .  
The f l o w  o v e r  a symmet r i c ,  1 2 - p e r c e n t - t h i c k  parabol ic  arc 
a i r f o i l  w a s  c a l c u l a t e d .  F r e e - s t r e a m  Mach numbers of 0.1, 0 . 5 ,  
and 0 .8  were c o n s i d e r e d .  S t re tched  g r i d s  ( 8  p e r c e n t  i n  t h e  x- 
d i r e c t i o n  and  1 2  p e r c e n t  i n  t h e  y - d i r e c t i o n )  w e r e  u sed  a t  a l l  
three Mach numbers ,  A u n i f o r m  g r i d  (no s t r e t c h i n g ,  Ax = Ayl w a s  
a l s o  used  a t  M, - 0.1. Only  n o n l i f t i n g  cases w e r e  c o n s i d e r e d o  
The p e r f o r m a n c e  of V Z E B l  w a s  examined  a t  t h e  c o n d i t i o n s  of 
W, e 0.1 on a un i fo rm u n s t r e t c h e d  g r id .  S imple  i n j e c t i o n  of t h e  
p o t e n t i a l  and  r e s i d u a l  w a s  u s e d  i n  a 5-grid m u l t i g r i d  scheme. 
The s o l u t i o n  d i d  n o t  c o n v e r g e .  To u n d e r s t a n d  ;'.y t h i s  o c c u r r e d ,  
s u r f a c e  p l o t s  of t h e  p o t e n t i a l ,  r e s i d u a l ,  a n d  f o r c i n g  f u n c t i o n  
f o r  t h e  v a r i o u s  g r i d s  were made. 
A s u r f a c e  p l o t  of t h e  p o t e n t i a l  on t h e  f i n e  g r i d  ( g r i d  1 )  
j u s t  b e f o r e  i n j e c t i o n  to g r i d  2 is shown i n  f i g u r e  12. The 
c o o r d i n a t e  s y s t e m  for t h e  g r i d  is as ohown i n  the  f i g u r e  and  w i l l  
a p p l y  t o  a l l  o t h e r  s u r f a c e  p l o t s .  Note t > a t  t h e  p o s i t i v e  
d i r e c t i o n  f o r  t h e  f u n c t i o n  ahown is down. Note a l s o  t h a t  t h e  
f u n c t i o n  i s  r e a s o n a b l y  smooth.  
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A s u r f a c e  p l o t  o f  t h e  r e s i d u a l  on g r i d  1 is shown i n  
f i g u r e  13. N o t e  t h e  jagged n a t u r e  of t h e  r e s i d u a l  f u n c t i o n .  If 
t h e  x-y  p l a n e  i s  rotated up and  toward  t h e  viewer., so t h a t  t h e  
l i n e  of s i g h t  is  d i r e c t l y  down t h e  y-axis  (see f i g .  141, it c a n  
be s e e n  t h a t  e v e r y  o t h e r  ax = c o n s t a n t "  l i n e  h a s  a r e s i d u a l  of 
z e r o .  T h i s  is  t o  be e x p e c t e d  w i t h  t h e  d e c o u p l e d - l i n e ,  two-color 
n a t u r e  of t h e  ZEBRA I schemes. 
The  h i g h - f r e q u e n c y  o s c i l l a t i o n s  i n  t h e  r e s i d u a l  on t h e  first 
g r i d  c a u s e d  a l i a s i n g  of t h e  f o r c i n g  f u n c t i o n  on t h e  s e c o n d  
g r i d .  (The  f o r c i n g  f u n c t i o n ,  f ,  i s  t h e  d i f f e r e n c e  of t h e  f i n e  
a n d  coarse g r i d  opera tors r  see eq. ( 1 9 ) . )  With  no  r e s i d u a l  
w e i g h t i n g  (see R e s t r i c t i o n  Operator s e c t i o n  above 1, t h e  f o r c i n g  
f u n c t i o n  on t h e  s e c o n d  g r i d  had t h e  shape shown i n  f i g u r e  15. 
W i t h  r e s i d u a l  w e i g h t i n g ,  t h e  f o r c i n g  f u n c t i o n  on t h e  s e c o n d  g r i d  
had t h e  shape shown i n  f i g u r e  16. 
The e f fec t  of r e s i d u a l  w e i g h t i n g  on t h e  c o n v e r g e n c e  h i s t o r y  
is shown i n  f i g u r e  17 where  t h e  logar i thm of t h e  r a t i o  of the 
f i n e  g r i d  r e s i d u a l  t o  t h e  i n i t i a l  f i n e  g r i d  r e s i d u a l  i s  p l o t t e d  
v e r s u s  work. One u n i t  of work is d e f i n e d  as  t h e  number of 
o p e r a t i o n s  r e q u i r e d  t o  p e r f o r m  one  f i n e  g r i d  (sh) i t e r a t i o n .  
One i t e r a t i o n  on g r i d  G2h r e q u i r e s  0.25 work u n i t s  for a t w o -  
d i m e n s i o n a l  p rob lem,  etc.  
From t h e  above  d i s c u s s i o n ,  i t  is o b v i o u s  t h a t  r e s i d u a l  
w e i g h t i n g  m u s t  be u s e d  w i t h  VZEB1 t o  e l i m i n a t e  a l i a s i n g  of t h e  
c o a r s e  g r i d  f o r c i n g  f u n c t i o n  a n d  a l low c o n v e r g e n c e .  ( F u r t h e r  
research showed t h a t ,  f o r  t ?e86 same r e a s o n s ,  r e s i d u a l  w e i g h t i n g  
is n e c e s s a r y  for HZEB1 a l s o . )  
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Weighted  a v e r a g i n g  of t h e  p o t e n t i a l  f u n c t i o n  w a s  a l s o  
examined.  I t  w a s  found  t h a t  t h i s  w a s  n o t  n e c e s s a r y  s i n c e  t h e  
p o t e n t i a l  i s  r e l a t i v e l y  smooth on t h e  f i n e  g r i d  ( f i g .  1 2 )  a n d  the  
i n j e c t e d  v a l u e s  of t h e  p o t e n t i a l  on t he  coarse g r i d  are n o t  
i l i a o e d  w i t h o u t  t h e  w e i g h t i n g .  T h e  "shape" of t h e  coarse g r i d  
p o t e n t i a l  is  s h o w n  i n  t h e  s u r f a c e  p lo t  of f i g u r e  18. T h i s  same 
shape is  o b t a i n e d  i n d e p e n d e n t  of p o t e n t i a l  w e i g h t i n g .  I n j e c t i o n  
w a s  u s e d  f o r  t h e  p o t e n t i a l  i n  a l l  s u b s e q u e n t  r e s u l t s  d i s c u s s e d .  
W i t h  r e s i d u a l  w e i g h t i n g ,  VZBBl w a s  g r e a t l y  accelerated by 
t h e  u s e  of m u l t i g r i d .  I n  t h e  most b e n i g n  case c o n s i d e r e d  i n  
t h i s  s t u d y  (M, = 0.1, u n i f o r m  g r i d ) ,  t h e  a c c e l e r a t i o n  of W E B 1  
by m u l t i g r i d  is i l l u s t r a t e d  i n  f i g u r e  19 u s i n g  2, 38 48 a n d  
5 gr ids .  A l l  r u n 8  w e r e  c o n d u c t e d  w i t h  a n  o v e r r e l a x a t i o n  fac tor  
of 1.0. N o t e  t h a t  4- a n d  5-grid m u l t i g r i d  g ive  i d e n t i c a l  
c o n v e r g e n c e  a n d  are o n l y  s l i g h t l y  f a s t e r  t h a n  3-grid m u l t i g r i d  
f o r  these c o n d i t i o n s .  A t  a Mach number of 0.1, t h e  f l o w  is 
c o m p l e t e l y  s u b s o n i c  a n d  e f f e c t i v e l y  i n c o m p r e s s i b l e .  The 
p o t e n t i a l  e q u a t i o n  g o v e r n i n g  t h e  f l o w  i s  e l l i p t i c ;  a n d ,  s i n c e  
t h e  aspect r a t i o  is u n i t y ,  i t  e f f e c t i v e l y  r e d u c e s  t o  L a p l a c e s '  
e q u a t i o n .  Thus,  t h e  e x c e l l e n t  s p e e t u p  o b t a i n e d  u s i n g  m u l t i g r i d  
w a s  e x p e c t e d  e v e n  though  it w a s  be t te r  t h a n  t h e  von Neumann 
a n a l y s i s  s u g g e s t s .  E v i d e n t l y ,  t h e  f r e q u e n c i e s  g i v i n g  t he  
smoo th ing  f ac to r  ( u )  as p l o t t e d  i n  f i g u r e  9 were n o t  o b t a i n e d .  
F i g u r e  8 ( b )  shows t h a t  t h e  maximum v a l u e s  of  g f o r  VZEB1 a t  
M = 0.1 a n d  A = 1.0 a r e  c o n c e n t r a t e d  a t  t h e  t w o  p o i n t s  of  
h i g h  f r e q u e n c y  i n  9, a n d  t h e  l o w  f r e q u e n c y  i n  e y e  If 
t h e s e  f r e q u e n c i e s  do n o t  a p p e a r  i n  t h e  error of t h e  s o l u t i o n ,  
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t h e n  t h e y  do n o t  need  t o  be damped a n d  t h e  e f f e c t i v e  u i s  
reduced .  T h i s  e v i d e n t l y  o c c u r r e d  a t  H, = 0.1 a n d  A = 1.0 
for VZEBl. From t h i s  example ,  it i s  clear t h a t  t h e  r e s u l t s  from 
a von Neumann a n a l y s i s  must  be c a r e f u l l y  examined  t o  d e t e r m i n e  
v a l i d i t y .  P r e d i c t i o n s  of  u c a n  be b i a sed  by f r e q u e n c i e s  n o t  
f o u n d  i n  t h e  coded problem.  
The  p e r f o r m a n c e  of  VZEB1 m u l t i g r i d  i s  d e p e n d e n t  on t h e  
g r i d  aspect ra t io .  T h i s  dependence  i s  reflected i n  f i g u r e  20. 
S t a r t i n g  w i t h  t h e  most b e n i g n  c o n d i t i o n s ,  M, = 0.1 a n d  a n  un-  
s t re tched g r i d ,  t h e  p e r f o r m a n c e  of V2EB1 m u l t i g r i d  i s  e x c e l -  
l e n t .  I f  t h e  Mach number i s  h e l d  t h e  same b u t  g r i d  s t r e t c h i n g  
is  i n c l u d e d  ( 8  p e r c e n t  i n  t h e  x - d i r e c t i o n  a n d  1 2  p e r c e n t  i n  
t h e  y - d i r e c t i o n  1 t h e  p e r f o r m a n c e  is s i g n i f i c a n t l y  d e g r a d e d .  
(Compare M, = 0.1 c u r v e s . )  Note t h a t  n o t  o n l y  are t h e  a b s o l u t e  
l e v e l s  of t h e  r e s i d u a l  h i g h e r  b u t  a l s o  t h e  a s y m p t o t i c  ra te  of 
c o n v e r g e n c e  i s  n o t  n e a r l y  as  good w i t h  t h e  g r i d  s t r e t c h i n g .  
Reca l l  t h a t  t h e  won leumann a n a l y s i s  d i d  p r e d i c t  a s e n s i t i v i t y  to 
aspect r a t i o  . 
I f  t h e  Mach number i s  i n c r e a s e d  s l i g h t l y  t o  Mm = 0 . 5  so 
t h a t  c o m p r e s s i b i l i t y  e f f e c t s  are i n  t h e  s o l u t i o n ,  t h e  p e r f o r m a n c e  
is s l i g h t l y  worse t h a n  t h e  i n c o m p r e s s i b l e  case on t h e  same 
s t re tched  g r i d .  Most of t h e  d i f f e r e n c e  is i n  t h e  a b s o l u t e  l e v e l s  
of t h e  r e s i d u a l  a n d  n o t  i n  t h e  a s y m p t o t i c  Convergence  ra te .  A 
f u r t h e r  i n c r e a s e  i n  Mach number t o  Mm = 0 .8  SO t h a t  t h e  f l o w  
f i e l d  becomes t r a n s o n i c  f u r t h e r  d e g r a d e s  t h e  p e r f o r m a n c e  of VZEB1 
m u l t i g r i d  b u t  a g a i n  m o s t l y  i n  a b s o l u t e  l e v e l s  of  r e s i d u a l  and  n o t  
a s y m p t o t i c  r a t e  of c o n v e r g e n c e  . (Compare s t r e t c h e d  g r i d  c u r v e s  
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i n  f i g .  2 0 . )  From t h i s  d i s c u s s i o n  i t  i o  clear t h a t  t h e  
pe r fo rmance  of W E B 1  m u l t i g r i d  is a f f e c t e d  more s t r o n g l y  by q r i d  
a s p e c t  r a t i o  t h a n  by c o m p r e s s i b i l i t y  ( n o n l i n e a r i t y )  or s u p e r -  
c r i t i c a l  f l o w  r e g i o n s  ( e q u a t i o n  t y p e  changes  ) . T h i s  b e h a v i o r  was 
S u p p o r t e d  by the  von Neumann a n a l y s i s  a8 summarized i n  f i g u r e  9. 
The a c c e l e r a t i o n  a f f o r d e d  VZEB1 by v a r i o u s  numbers of g r i d s  
i n  t h e  m u l t i g r i d  scheme a t  M, = 0.8  is shown i n  f i g u r e  21. The 
speedup a t  M, = 0 . 8  is  n o t  as dramatic a s  a t  M, = 0.1. Note 
t h a t  4- a n d  5 - g r i d  m u l t i g r i d  g i v e  n e a r l y  i d e n t i c a l  p e r f o r m a n c e  
and a re  o n l y  s l i g h t l y  be t te r  t h a n  t h e  3-grid m u l t i g r i d .  The 
a s y m p t o t i c  r a t e  f o r  5 g r i d  is o n l y  s l i g h t l y  be t te r  t h a n  for  
1 g r i d ,  b u t  t h e  a b s o l u t e  l e v e l  of r e s i d u a l  is s i g n i f i c a n t l y  less. 
S i n c e  many o t h e r s  have u s e d  VLOR as a m u l t i g r i d  smoo the r ,  it 
is w o r t h w h i l e  t o  compare t h e  p e r f o r m a n c e  of V Z E B l  and VLOR i n  
m u l t i g r i d .  A t  M, = 0 .8  on a s t re tched  g r i d ,  t h e i r  pe r fo rmance  
is compared i n  f i g u r e  22. Note t h a t  t h e i r  r a t e  of c o n v e r g e n c e  is 
n e a r l y  i d e n t i c a l ,  however t h e  W E B 1  can  be more f u l l y  v e c t o r i z e d  
and so s h o u l d  g i v e  be t te r  o v e r a l l  p e r f o r m a n c e  (less computer  t i m e  
t o  o b t a i n  a conve rged  s o l u t i o n ) .  S i m i l a r  compar i son  p l o t s  for 
HZEB1 m u l t i g r i d  a r e  shown i n  f i g u r e s  23-26. The r e s u l t s  fol low 
t h o s e  f o r  V Z E B 1 .  I t  s h o u l d  be noted t h a t  for t h e  tes t  problem i n  
t h e  p r e s e n t  w o r k ,  HZEB1 g i v e s  be t te r  p e r f o r m a n c e  t h a n  VZEB1.  
T h i s  is  n o t  a g e n e r a l  r e s u l t ,  b u t  is o b t a i n e d  here o n l y  b e c a u s e  
of t h e  s p e c i f i c  g r i d  used  and t h e  d i f f e r e n c e  in p e r c e n t a g e  of 
t o t a l  p o i n t s  i n c l u d e d  i n  t h e  u p d a t e  i m p l i c i t  l i n e s  of t h e  two 
a l g o r i t h m s .  
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I n  t h e  von Meumann a n a l y s i s  of ADZEB1, it w a s  found  t h a t  t h e  
a l t e r n a t i n g  d i r e c t i o n  scheme s h o u l d  g i v e  be t te r  p e r f o r m a n c e  on 
v a r y i n g  a spec t  r a t i o  g r i d s .  (See f i g .  11.) The p r e d i c t i o n  is 
c o n f i r m e d  i n  f i g u r e  27 w h e r e  t h e  e f fec ts  of M, and  aspect  r a t i o  
on ADZEB1 m u l t i g r i d  are examined.  N o t e  t h a t  t h e  i n c o m p r e s s i b l e  
( u n s t r e t c h e d  and  s t re tched g r i d )  and  t h e  compressible cases a l l  
g i v e  r o u g h l y  t h e  same c o n v e r g e n c e  rates. W i t h  t h e  e f f e c t s  of 
g r i d  s t r e t c h i n g  r e d u c e d ,  t h e  e f f ec t  of s u p e r s o n i c  r e g i o n s  i s  s e e n  
t o  a d v e r s e l y  a f f e c t  t h e  c o n v e r g e n c e  ra te .  The p e r f o r m a n c e  of 
ADZEB1 i n  t h e  t r a n s o n i c  f l o w  c a l c u l a t i o n  is q u i t e  good and  is 
compared t o  ADLOR i n  f i g u r e  28. U n f o r t u n a t e l y ,  b e c a u s e  of t h e  
a l t e r n a t i n g  d i r e c t i o n  n a t u r e  of ADZEBl, o e c t o r i z a t i o n  is n o t  as  
s t r a i g h t f o r w a r d  as w i t h  VZEBl and HZEBl. 
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C O N C L U S I O N S  
T h r e e  v e c t o r i e a b l e  m u l t i g r i d  s m o o t h e r s  were examined;  
v e r t i c a l ,  h o r i z o n t a l ,  and  a l t e r n a t i n g  d i r e c t i o n  ZEBRA.  The 
smoo th ing  p e r f o r m a n c e  of each w a s  p r e d i c t e A  u s i n g  von Neumann 
s t a b i l i t y  a n a l y s e s .  The e f f e c t s  of Mach number, g r i d  a e p e c t  
r a t i o  a n d  damping f a c t o r  were i n c l u d e d .  A s  e x p e c t e d ,  t h e  
a n a l y s e s  p r e d i c t e d  t h a t  VZEB1 p e r f o r m s  best on g r i d s  w i t h  1 > 1 
and HZEB1 p e r f o r m s  best  on g r i d s  w i t h  < 1.  The a n a l y s i s  of 
A D Z E B 1  p r e d i c t e d  t h a t  it is less s e n s i t i v e  t o  g r i d  a s p e c t  r a t i o  
t h a n  VZEE1 or  HZEB1. A l l  t h r e e  ZEBRA methods were p r e d i c t e d  t o  
have  p o o r e r  p e r f o r m a n c e  a t  s u p e r c r i t i c a l  Mach numbers t h a n  a t  
s u b c r i t i c a l  Mach numbers.  
The a c t u a l  p e r f o r m a n c e  of each  of t h e  ZEBRA a lqo r i thms  w a s  
t h e n  assessed by i n c o r p o r a t i o n  i n t o  a t w o - d i m e n s i o n a l  f u l l -  
p o t e n t i a l  code. The pe r fo rmance  of t h e  v e c t o r i e a b l e  a lgo r i thms  
was compared t o  t h ree  well-known S L O R  a l g o r i t h m s .  I n  e a c h  
compar i son  ( V Z E B 1  t o  VLOR, HZEB1 t o  HLOR, and A D Z E B 1  t o  A D L O R ) ,  
t h e  ZEBRA scheme had a c o n v e r g e n c e  r a t e  comparab le  w i t h  t h e  
r e s p e c t i v e  S L O R  scheme. These  compar i sons  i n d i c a t e d  a r e a s o n a b l e  
l e v e l  of s u c c e s s  of t h e  m u l t i g r i d  a c c e l e r a t A o n  of e a c h  ZEBRA 
scheme. Us ing  v e r y  p o w e r f u l  s m o o t h e r s ,  it is p o s s i b l e  t o  have  
f a s t e r  m u l t i g r i d  c o n v e r g e n c e  r a t e s  t h a n  were o b t a i n e d  i n  t h e  
p r e s e n t  s t u d y .  However, t h e  p u r p o s e  of t h e  p r e s e n t  work was t o  
s t u d y  v e c t o r i z a b l e  ZEBRA m u l t i g r i d  a l g o r i t h m s ,  so s l i g h t l y  less 
t h a n  o p t i m a l  c o n v e r g e n c e  ra tes  were a c c e p t a b l e  as a compromise to 
o b t a i n  v e c t o r i g a b l e  code.  
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I t  is u n f o r t u n a t e  t h a t  t h e  von Neumann a n a l y s e s  d i d  n o t  
p r e d i c t  q u a n t i t a t i v e l y  t h e  p e r f o r m a n c e  of t h e  ZEBRA schemes. I n  
a d i scre te  problem, only a f i n i t e  number of f r e q u e n c i e s  aze 
p r e s e n t  i n  t h e  error. These  f r e q u e n c i e s  are d ic ta ted ,  i n  p a r t ,  
by t h e  g r i d .  A von Neumann a n a l y s i s  models a con t inuum problem 
a n d  so c o n s i d e r s  a l l  f r e q u e n c i e s  of t h e  error.  The v a l u e  of II 
o b t a i n e d  from t h e  a n a l y s i s  c a n  be biased i f  it is predicted based 
on  f r e q u e n c i e s  which a r e  n o t  p r e s e n t  in t h e  discrete problem, 
p a r t i c u l a r l y  when O x  or  B y  e q u a l s  or is close t o  0 or + v .  
F i n a l l y ,  i t  s h o u l d  be n o t e d  t h a t  o n l y  a n o n l i f t i n g  a i r f o i l  
was c o n s i d e r e d  i n  t h e  p r e s e n t  s t u d y .  Convergence  rates of cal-  
c u l a t i o n s  f o r  l i f t i n g  a i r f o i l s  u s i n g  t h e  c u r r e n t  methods  would  
p r o b a b l y  n o t  be as f a s t .  
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APPENDIX A 
SIMPLIFICATION OF CONSERVATIVE FULL-POTENTIAL 
EQUATION WITH ARTIFICIAL DENSITY 
C o n s i d e r  t h e  o n e - d i m e n s i o n a l  form of t h e  f u l l - p o t e n t i a l  
e q u a t i o n  u s i n g  t h e  a r t i f i c i a l  d e n s i t y  method: 
(i;Ulx = 0 
where 
and  
(A2 
iA3 1 
(Note t h a t  e q u a t i o n s  (Al ) - (A4)  are  t h e  same as e q u a t i o n s  ( 1 ) - ( 4 )  
i n  t h e  main paper w i t h  v = 0 . )  The f i n i t e  d i f f e r e n c e  form of 
e q u a t i o n  (A11 is: 
where 
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1 
- 
% + l / 2  "+1/2 - ( P i + 1 / 2  - % l / 2  
( l  - 'i) p i + 1 / 2  + T  i % l / 2  ( A 6  1 
and f is t h e  s w i t c h i n g  f a c c o r  as  descr ibed  i n  e q u a t i o n  ( 5 1 .  
The r e s i d u a l ,  R ; ( $ ) ,  c a n  be expanded about  t h e  e x a c t  s o l u t i o n  i, 
s u c h  t h a t  R i ( i )  0 0 ,  
i + l  aR; 
T e k  k = i  -2 
where is t h e  error i n  t h e  s o l u t i o n  at t h e  nth t i m e  l e v e l .  
S u b s t i t u t i n g  e q u a t i o n  ( A 6 1  i n t o  e q u a t i o n  ( A 5 1  a n d  t a k i n q  t h e  
p a r t i a l  d e r i v a t i v e  of Ax R i ,  we o b t a i n :  
e$ 
2 
1+1/2 + pAx6u i - 1 / 2  + rAxu6p 
b(Ax 2 R i )  = ( 1  - T I  uAx6Pi+l,2 
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S i n c e  - ~ i - ~ / 2 )  Ax and ( p i o l l 2  - p i , 3 / 2 )  Ax are 
O ( J x 2 ) ,  t h e  l a s t  two terms i n  e q u a t i o n  ( A 8 1  may be dropped 
b e c a u s e  t h e y  a r e  h i g h e r  o r d e r  terms than  t h e  f i r s t  six terms. 
The v a l u e s  of the d e r i v a t i v e s  i n  e q u a t i o n  ( A 8 1  a r e :  
uAx 
U A X  
D A X  ,+ a u i - l  2 = P 
uA x 
uAx ,+ a p i - l  2 = pM2 
i - 1  
= P M 2  
= - P  
P A X  a u i + 1 / 2  
( A 9  1 
S u b s t i t u t i n g  e q u a t i o n s  ( A 9 1  i n t o  e q u a t i o n s  ( A 7 1  and (At81 and 
s i m p l i f y i n g  g i v e s  t 
4 2  
For M < 1 ,  e q u a t i o n  ( 4 1  g i v e s  t * 0 .  S u b s t i t u t i o n  of t h i s  i n t o  
e q u a t i o n  ( A 1 0 1  g i v e s :  
A X ' R ~  = p ( 1  - M 2 1 - 2ei + en J i +1 
2 
For M 3 1 ,  e q u a t i o n  ( 4 )  g i v e s  T - 1 - 1 / M  S u b s t i t u t i o n  of 
t h i s  i n t o  e q u a t i o n  ( A 1 0 1  g i v e s :  
2 + e n  J 2ei -1  1 - 2  A ~ ~ R ;  = p ( 1  - M [e; - ( A 1  2 1 
From e q u a t i o n s  ( A l l  1 a n d  ( A 1 2 1  w e  see t h a t  t h e  c o n s e r v a t i v e  f u l l -  
p o t e n t i a l  e q u a t i o n  w i t h  a r t i f i c i a l  d e n s i t y  may be s i m p l i f i e d  to 
t h e  n o n c o n s e r v a t i v e  s m a l l - d i s t u r b a n c e  p o t e n t i a l  e q u a t i o n  w i t h  
upwind d i f f e r e n c i n g  i n  t h e  s u p e r c r i t i c a l  r e g i o n s  f o r  t h e  p u r p o s e s  
of a n a l y s i s .  * 
* The deve lopmen t  showing t h i s  s i m p l i f i c a t i o n  is b a s e d  on work 
o r i g i n a l l y  done by J e r r y  C. S o u t h ,  Jr., and i s  c o n t a i n e d  i n  his 
p e r s o n a l  n o t e s .  
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APPENDIX B 
A N A L Y S I S  OF H Z E B 1  
S u b s o n i c  Flow - M < 1 
The $mal: - d i s t u r b a n c e  e q u a t i o n  i n  o p e r a t o r  form i s  
where each term is d e f i n e d  a f t e r  e q u a t i o n  ( 2 2 )  i n  t h e  main body 
of t h i s  t e x t .  UPing t h e  d i s p l a c e m e n t  o p e r a t o r s  t 3 e t L n e d  i n  t h e  
t e x t ,  t h e  HZEB1 a l g o r i t h m  a p p l i e d  t o  e q u a t i o n  (B1) y i e l d s :  
The  time l e v e l s  of t h e  p c t e n t i a l  a r e  d e f i n e d  w i t h  e q u a t i o n  ( 2 9 )  
i n  t h e  t e x t .  S u b s t i t u t i o n  of t h e  F o u r i e r  c o e f f i c i e n t s  for t h e  
p o t e n t i a l  and  s i m p l i f i c a t i o n  g i v e  a q u a d r a t i c  e a u a t l o n  f o r  
T h i s  c a n  be s o l v e d  for t h e  t w o  roots of w h i c h  a re  squared 
t o  g e t  two r o o t s  of g a  Which of t h e  r o o t s  r e p r e s e n t s  g In 
t h e  p h y s i c a l  p rob lem can:.:. be d e t e r m i n e d .  The p u r p o s e  of t h e  
von Neumann a n a l y s i s  i o  t o  p r e d i c t  t h e  m u l t i g r i d  s m o o t h i n g  r a t e ,  
U, f o r  H Z E B l m  S i n c e  LJ is governed  by t h e  maximum v a l u e  OJ? a t  
G a  
4 4  
it is prudent  t o  p i c k  t h e  root of g from t h e  q u a d r a t i c  e q u a t i o n  
which h a s  t h e  maximum a b s o l u t e  v a l u e .  The t w o  r o o t s  are: 
where : 
and 
S u p e r s o n i c  Flow - H 1 
HZEB1 a p p l i e d  t o  t h e  t r a n s o n i c  s m a l l - d i s t u r b a n c e  e q u a t i o n  
for s u p e r s o n i c  flow can be w r i t t e n  as:  
ax n , n + l / 2  
[ ( 1  - M 2 )  8 + -1 A $ i j  E R xx w i j  
where 
4 5  
and the  time l e v e l s  of 9 a r e  d e f i n e d  above.  The i n c l u s i o n  of 
'new* v a l u e s  a t  i - 2 would r e s u l t  i n  a p e n t a d i a g o n a l  set of 
e q u a t i o n s .  To e l i m i n a t e  t h i s ,  a 4 x t  t y p e  term is added. For 
s t a b i l i t y ,  a d d i t i o n a l  +xt is  a l s o  added. The f o l l o w i n g  +xt  
terms are used:  
Adding t h e s e  terms t o  t h e  l e f t - h a n d  s i d e  of e q u a t i o n  (B4) gives: 
2 n+1/2  - 2Oij n + 4i , j -1 .  n + l / 2 \  
+ a L$i,j+l  
S u b s t i t u t i o n  of t h e  F o u r i e r  c o e f f i c i e n t s  f o r  t h e  p o t e n t i a l  
fol lowed by a l g e b r a i c  m a n i p u l a t i o n  of the e q u a t i o n  r e s u l t s  i n  a 
q u a d r a t i c  e q u a t i o n  f o r  G. 
a + b Y ? +  c = 0 
where t 
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and 
x 
- 2 4 3  9 x 2  + ( I  - M 2 1 + ( 1  - M 2 e 
Al though  t h e  above  r e p r e s e n r s  a c o m p l e t e  von Neumann 
a n a l y s i s ,  HZEB1 w a s  s t u d i e d  in grea ter  d e t a i l  i n  t h e  p r e s e n t  
work. V a l u e s  of  g c a n  e a s i l y  be found from e q u a t i o n  (861,  
b u t  i t  Is n o t  i m m e d i a t e l y  o b v i o u s  t h a t  t h e  a l g o r i t h m  is s t ab le ,  
9 '  1 f o r  a l l  ( g X ,  B y ) .  It is poss ib l e  t o  mhow t h i s  
a n a l y t i c a l l y .  E q u a t i o n  (B4) can  be r e w r i t t e n  i n  t h e  form: 
z2 + nz + y = 0 ( 8 7 )  
where  
n = b/a 
and  
Y = c/a 
S i n c e  rl and  Y ate complex ,  t h e  c o n d i t i o n s  t h a t  mus t  be 
s a t i s f i e d  f o r  2 ( and  so g )  t o  be less t h a n  or e q u a l  t o  1 are8 
and  
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- 
where n is  t h e  complex c o n j u g a t e  of TI. The i n e q u a l i t i e s  i n  
e q u a t i o n  t B 6 )  l ead  t o  t h e  r e s t r i c t i o n :  
2' f o r  M 1 a B > 2 - 2M2 + - M ) ( 1  - b - M )
A n u m e r i c a l  e x p e r i m e n t  was p e r f o r m e d  t o  d e t e r m i n e  t h e  s h a r p n e s s  
of  t h e  r e s t r i c t i o n  i n  e q u a t i o n  (97 ) .  b s l i g h t l y  s u p e r s o n i c  f r e e -  
stream case (M- = 1.011 w a s  r u n  w i t h  a v e r y  t h i n  a i r f o i l  (0.10- 
p e r c e n t  t h i c k  p a r a b o l i c  a r c )  t o  p r o d u c e  a n e a r l y  u n i f o r m  s u p e r -  
s o n i c  f low.  V a r i o u s  p e r c e n t a g e s  of t h e  "minimum" 6 prescribed 
i n  e q u a t i o n  (37) were u s e d  as t h e  c o e f f i c i e n t  of t h e  a d d i t i o n a l  
qXt term. I t  w a s  found  t h a t  t h e  6 r e q u i r e d  by e q u a t i o n  (E91 
w a s  n o t  e x a c t .  A s  l i t t l e  a s  80 p e r c e n t  of t h e  8 r e q u i r e d  
by e q u a t i o n  (B9) w a s  f o u n d  t o  p r o v i d e  s t a b i l i t y .  A l though  t h e  
von leumann a n a l y s i s  does n o t  e x a c t l y  p r e d i c t  t h e  p e r f o r m a n c e  
of HZEB1, it  d o e s  p r o v i d e  a q u a l i t a t i v e  i n d i c a t i o n  of t h e  
p e r f o r m a n c e .  
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